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SPHERICAL HALL ALGEBRAS OF WEIGHTED PROJECTIVE CURVES
JYUN-AO LIN
Abstract. In this article, we deal with the structure of the spherical Hall algebra U of coherent sheaves
with parabolic structures on a smooth projective curve X of abitraty genus g. We provide a shuffle-like
presentation of the bundle part U> and show the existence of generic spherical Hall algebra of genus g. We
also prove the algebra U contains the characteristic functions on all the Harder-Narasimhan strata. These
results together imply Schiffmann’s theorem on the existence of Kac polynomials for parabolic vector bundles
of fixed rank and multi-degree over X. On the other hand, the shuffle structure we obtain is new and we
make links to the representations of quantum affine algebras of type A.
0. Introduction
Hitchin introduced the Higgs bundles on Riemann surfaces of arbitrary genus g as solutions of a two-
dimensional reduction of the 4D Yang-Mills equations and computed the Betti numbers of the moduli spaces
of stable Higgs bundles of rank 2 and fixed degree via Morse theory [Hit1, Hit2]. The Poincare´ polynomials of
these moduli spaces were then been computed in rank 3 by Gothen [Got], in rank 4 by Garcia-Prada, Heinloth
and Schmitt [GPHS] and finally by Schiffmann [S5] in general cases via the numbers of (isomorphism classes
of) geometrically indecomposable vector bundles on the smooth projective curves of genus g. The later’s
method was based on the combinatorial (i.e. shuffle) structure of the spherical Hall algebras of the category
of coherent sheaves on curves. In order to extend Schiffmann’s method to parabolic cases, in this paper, we
investigate the structure of the (spherical) Hall algebras of parabolic coherent sheaves.
On the other hand, the Hall algebra of a curve has its own role playing in the theory of quantum groups
and automorphic forms: initiated studied by Kapranov in [Kap], the spaces of unramified automorphic forms
of GLr can be regarded as the subalgebra of the Hall algebra associated to vector bundles. In the case of
P1, Kapranov translated the functional equations satisfied by Eisentein series associated to pairs of cuspidal
forms into commutation relations between the corresponding generators in the Hall algebra (see also [BK]).
And such commutation relations bear a resemblance with those appearing in Drinfeld’s loop-liked realization
of quantum affine algebras [Dr1]. Moreover, the classical Hecke operator associated to a point on automorphic
forms is translated by the Hall multiplication with the characteristic function of the corresponding torsion
sheaf. Such an apporach was later generalized to curves of arbitrary genus by Burban, Fratila, Kapranov,
Schiffmann and Vasserot [BS2, Fra, SV1, SV2]...etc and to weighted projective lines (i.e. parabolic coherent
sheaves on P1) by Burban and Schiffmann [BS, S2, S3]. Our study on the parabolic cases can be thought as
a completion of the investigation of Hall algebras of hereditary categories.
The strategy of studying the parabolic cases is somehow straightforward but many difficulties arise and
also some new phenomenas appear. In order to apply the general construction of Hall algebra H to (quasi-
)parabolic vector bundles over a smooth projective curve X of arbitrary genus g, we have to borrow the
notion of (quasi-)parabolic coherent sheaves, introduced by Heinloth in [Hei], that form a hereditary abelian
category. As in the case of Hall algebras of quivers and curves, we are mainly interested in the natural
subalgebra U (called spherical Hall algebra) generated by the characteristic functions associated to parabolic
torsion sheaves and parabolic line bundles of fixed classes in the numerical Grothendieck group. We first
prove the following important but rather expected result
Theorem 0.1. (Theorem 3.1) U contains all the characteristic functions of Harder-Narasimhan strata.
The main difficulty of studying the structure ofU is that the subalgebra corresponding to parabolic torsion
sheaves is not commutative anymore but several copies of the (positive halves of) quantum affine algebras
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of type A. An explicit Hecke action of the quantum affine algebras on the space of functions on parabolic
vector bundles is necessary in order to compute the images of constant terms maps (i.e. the composition of
the natural projection on the parabolic vector bundles part and the iterated comultiplication). Let U>[1]
denote the space of functions associated to rank 1 parabolic bundles. We thus obtain
Proposition 0.2. (Corollary 3.11) U>[1] carries a natural structure of Uv(ŝlw1)⊗ · · · ⊗Uv(ŝlwN )-modules.
Moreover, U>[1] is isomorphic to the affine extremal weight module V (̟1,1) ⊗ · · · ⊗ V (̟N,1) of extremal
weight ̟1,1, . . . , ̟N,1.
Here the wi’s are certain positive integers defining the parabolic structure on vector bundles over X and
̟i,1 are respectively the first fundamental weight of the quantum affine algebras Uv(ŝlwi). It is known that
such an affine extremal weight module is irreducible and admits crystal bases. We refer the reader to [Kash]
or [BN] and references therein for details. It is also worth to mention that, contrary to the case of ordinary
vector bunles, the “Hecke algebra” arising from the torsion subalgebra is not identified with the Iwahori-Hecke
algebra appeared in the context of automorphic forms with tame ramifications on certain points (c.f. [Hei]).
We expect that there will be some analog Schur-Weyl duality to describe the relation between these two
different “Hecke actions” on the (tensor product of) U>[1].
To state our main theorem on the structure of the spherical Hall algebra U> of parabolic vector bundles,
let us introduce some notations: let S = {p1, . . . , pN}, Vpi be a wi-dimensional C-vector space with basis
{v
(i)
pj }i=0,1,...,wj−1, V := C[z
±1]⊗C
⊗
p∈S Vp and
V ⊗̂r := C[z±11 , . . . , z
±1
r ][[z1/z2, . . . , zr−1/zr]]⊗
⊗
p∈S
V ⊗rp .
For any fixed rational function h(z) ∈ C(z), we define a linear oeprator Γh(z/z′) : V ⊗ V → V ⊗̂V by
Γh(z/z
′)
(
(p(z)⊗ v(i1)p1 ⊗ · · · ⊗ v
(iN )
pN )⊗ (q(z
′)⊗ v(j1)p1 ⊗ · · · ⊗ v
(jN )
pN
)
=
∑
S′⊆S
h(z/z′)
( 1− z/z′
1− v2z/z′
v
)#S′
((p(z)⊗ v
(i′1)
p1 ⊗ · · · ⊗ v
(i′N )
pN )⊗ (q(z
′)⊗ v
(j′1)
p1 ⊗ · · · ⊗ v
(j′N )
pN )
where, in each summand,
i′p =
{
ip + jp − ip if p ∈ S \ S′
ip if p /∈ S \ S′
, j′p =
{
jp − jp − ip if p ∈ S \ S′
jp if p /∈ S \ S′
and the jp − ip is known as the residue of jp − ip modulo wp. We define an associative algebra Shh(z)(V ) as
follows: Shh(z)(V ) is isomorphic, as a vector space, to
⊕
r≥0 V
⊗̂r. The product is defined on Shh(z)(V ) by:
P (z1, . . . , zr)⊗ v ⋆ Q(z1, . . . , zs)⊗ w =
∑
σ∈Shr,s
−→∏
(i,j)∈Iσ
Γijh (zi/zj)σ
(
P (z1, . . . , zr)Q(zr+1, . . . , zr+s)⊗ v ⊗ w
)
where, Γi,jh (zi/zj) is known as acting on the pair of ith and jth compononts, the oriented product is with
respect to the lexicographical order on the pairs (i, j) and the rational functions h(zi/zj)
( 1−zi/zj
1−v2zi/zj
v
)#S′
are
developed as Laurent series in z1/z2, . . . , zr−1/zr. Let Sh(z) be the subalgebra of Shh(z)(V ) generated by V .
Theorem 0.3. (Theorem 3.16) Set hX(z) = v
2g−2 ζX(z)
ζx(v2z)
. Then there is an algebra homomorphism J :
U> → ShhX (z)(V ) such that J(U
>) ≃ ShX (z).
The above theorem immediately implies the existence of a “generic form” (c.f. Corollary 3.17) and provides
the existence of the Kac polynomials Ag,w,r,d(σX) for counting the number of (isoclasses of) geometrically
indecomposable quasi-parabolic vector bundles of fixed rank and “multi-degree” on the curve X over a finite
field ([S5, Theorem 7.1]). The link between the Kac polynomials and the betti number of the moduli spaces
of stable parabolic Higgs bundles of the same fixed rank and multi-degree is the following
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Theorem 0.4. (Theorem 3.19) Let ParHiggsss,vecr,d (X) be the moduli space of stable parabolic Higgs bundles
of class (r,d) over X with (r,d) generic. Then
Ag,w,r,d(σX)(q) = v
dimParHiggsss,vec
r,d
(X)#ParHiggsss,vecr,d (X)(Fq).
In the recent preprint [DGT] Dobrovolska, Ginzburg and Trakvin provide a much stronger statement (for
even non-generic cases) of the above theorem using a different (and more general) approach. However, to
derive an explicit combinatorial formula for the Kac polynomial we still need to generalize Schiffmann’s
computations and this subject will be treated in a companion paper.
Finally let us come back to the spherical Hall algebra U>. The shuffle like structure of U> seems new (we
are not able to identify it with other known algebra structures in the literatures) but there are some evidences
on the importance of studying U> and its representations: In [SV2] Schiffmann and Vasserot identify the
spherical Hall algebra of ordinary vector bundles with the K-theoretic spherical Hall algebra of genus g
commuting varieties and explain the connection via geometric Langlands correspondence of GLr. There is
also a tamely ramified version of Langlands correspondence (c.f. [Dr2, Dr3]) andU> fits into the automorphic
side of the picture. On the other hand, Hausel and Rodriguez-Villegas derived a conjectural formula for the
Poincare´ polynomial of the moduli spaces of stable (parabolic) Higgs bundles via the arithmetic harmonic
analysis of the genus g character varieties [HV] (see also [HLV, HLV2]) and the laters are the categorical
quotients of the genus g commuting varieties in the case of ordinary vector bundles. The natural candidate
to complete the picture is to consider the K-theoretic spherical Hall algebra of these character varieties (or
the related quiver varieties). Note that in the case of P1 and only one marked point, U> is identified with
the tensor space T (V (̟1)) of the affine extremal weight Uv(ŝlw)-module and the later can be realized as
the equivariant K-theory of the Nakajima varietires of type A quiver which is indeed the genus 0 (twised)
character varieties. We plan to continue on this direction in the future.
The content of the paper is as follows: In Sect. 1 we clarify the notion of parabolic coherent sheaves and
prove some properties needed but cannot address the references. In Sect. 2 there are some generalities of
the Hall algebras of curves. We state and prove our main theorems in Sect. 3. and leave the complicated
computation in the Appendix A..
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Olivier Schiffmann for suggestiing this problem and for his patience and guidance for a long time. Furthermore,
the author would like to thank Pierre Baumann, Francesco Sala and Sergey Mozgovoy for their patience to
verify the computations and for their useful comments through all the content, Hau-Feng Zhang and Jae-Hoon
Kwon for their knowledges on the extremal weight modules of the quantum affine algebras.
1. Parabolic coherent sheaves on a smooth projective curve
1.1. Reminder of coherent sheaves on a curve. We fix a smooth projective curve X of genus g defined
over a finite field k = Fq of q elements and denote by X = X ×Speck Speck the extension of scalars of X to
the algebraic closure k of k. The Galois group Gal(k/k) acts on the set of all points X(k). By a closed point
of X we will mean a Gal(k/k)-orbit of points in X(k) and we denote by |X | the set of closed points of X .
The degree deg(x) of a closed point x ∈ |X | is the number of elements in the associated orbit. Equivalently,
if OX,x stands for the local ring at x of the structure sheaf OX of X with the maximal ideal mx and if
kx = OX,x/mx is the residue field, then deg(x) = [kx : k].
For any d ≥ 1, let X(Fqd) be the set of Fqd -rational points of X . The Galois group Gal(Fqd/Fq) acts on
X(Fqd) and the orbits correspond to the closed points whose degree is a divisor of d. We have
#X(Fqd) =
∑
n|d
∑
x ∈ |X |,
deg(x) = n
n.
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Let us fix a prime number l corpime to q and consider the l-adic cohomology group Hi(X,Ql). Then
dimQl H
0(X,Ql) = 1,
dimQl H
1(X,Ql) = 2g,
dimQl H
2(X,Ql) = 1.
Let Fr be the geometric Frobenius. Fr acts on Hi(X,Ql) and we denote by α1, . . . , α2g its eigenvalues
in H1(X,Ql). We will fix an embedding Ql ⊂ C and consider α1, . . . , α2g as complex numbers. It is known
that all the αi are algebraic numbers satisfying |αi| = q1/2 and these may be reordered in such way that
αiα2g+1−i = q for all i. The number of points in X(Fqd) may be expressed in terms of these Frobenius
eigenvalues as
#X(Fqd) =
2∑
i=0
(−1)iTr(Fr,Hi(X,Ql)) = 1−
∑
i
αdi + q
d.
A convenient way to formulate the above is to introduce the zeta function
ζX(t) = exp
(∑
d≥1
#X(Fqd)
td
d
)
.
Then Weil’s conjecture says
(1.1) ζX(t) =
∏2g
i=1(1− αit)
(1− t)(1− qt)
.
Let Coh(X) be the category of coherent sheaves on X . It is of global dimension one, and by a classical
theorem of Serre we have dimHom(F ,G ) <∞ and dimExt1(F ,G ) <∞ for any two coherent sheaves F and
G . Thus Coh(X) is finitary. Let ωX = T
∗X be the canonical bundle of X . Then we have g = dimH0(ωX).
The Serre duality is a functorial isomorphism
(1.2) Ext∗(F ,G ) ∼= Hom(G ⊗ ω−1X ,F )
for any two coherent sheaves F and G . Moreover, any coherent sheaf F has a canonical torsion subsheaf
Ft ⊂ F and canonical quotient vector bundle Fv = F/Ft. The exact sequence
0→ Ft → F → Fv → 0
splits, i.e., any coherent sheaf F can be decomposed as a direct sum F = Ft ⊕Fv.
Let Tor(X) stand for the full subcategory of Coh(X) consisting of torsion sheaves. It decomposes into a
direct product of blocks
Tor(X) =
∏
x∈|X|
Torx
where Torx is the category of torsion sheaves supported at x. This category is Morita equivalent to the
category of finite-dimensional modules over the local ring at x which, by the smoothness of X , is a discrete
valuation ring. In particular, the skyscraper sheaf at x, denoted also by OX,x, is the unique simple sheaf
supported at x. More generally, for each positive integer n, there is a unique indecomposable torsion sheaf
O
(n)
X,x. By Krull-Schmidt Theorem, the set of isomorphism classes of torsion sheaves supported at x is in
bijection with the set Π of all partitions via
(λ1 ≥ · · · ≥ λt) = λ 7→ O
(λ)
X,x = O
(λ1)
X,x ⊕ · · · ⊕ O
(λt)
X,x .
Let Bun(X) be the exact subcategory of Coh(X) consisting of vector bundles on X . The rank of a coherent
sheaf F is the rank of its canonical quotient vector bundle Fv. The degree of a sheaf F is the only invariant
satisfying degOX = 0, degOX,x = deg(x) = [kx : k] and which is additive on short exact sequences. Let
Pic(X) be the Picard group of line bundles on X . The kernel of the degree map deg : Pic(X)→ Z is denoted
by Pic0(X) which is a finite abelian group.
A consequence of the Serre duality is that for any T ∈ Tor(X) and E ∈ Bun(X), we have
Hom(T , E ) = Ext1(E ,T ) = {0}.
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Moreover, Ext1(OX,x,OX) ≃ kdeg(x) for any closed point x ∈ |X | and there is a unique line bundle extension
of OX,x by OX , for which we denote by OX(x).
Finally, consider the Grothendieck group K(X) = K(Coh(X)) of Coh(X). The degree map descends to
a group homomorphism deg : K(X)→ Z which satisfies degOX(x) = deg(x) for all x ∈ |X |. Together with
the rank, these maps define a natural morphism
ϕ : K(X)→ Z2
[F ] 7→ (rankF , degF ).
By the Riemann-Roch formula
(1.3) 〈F ,G 〉 = (1− g) rankF rankG + rankF degG − degF rankG ,
the Euler form factors through the map ϕ and the kernel of ϕ is precisely equal to the kernel of the Euler
form. Thus we may consider Z2 as the numerical Grothendieck group K ′(Coh(X)) of Coh(X).
1.2. Parabolic coherent sheaves. Let us fix a finite set S = {p1, . . . , pN} ⊂ X(k) of N rational points and
fix a collection w = (wp)p∈S of positive integers. A coherent sheaves F• on X with w-step (quasi-)parabolic
structures on S (also called a quasi-parabolic coherent sheaf for short) is a N -dimensional commutative
diagram of objects Fa ∈ Coh(X):
(1.4) Fa
ϕa,ǫp
//
a,ǫq

Fa+ǫp
ϕa+ǫp,ǫp
//

· · · //

Fa+(wp−1)ǫp
ϕa+(wp−1)ǫp,ǫp
//
ϕa+(wp−1)ǫp,ǫq

Fa+wpǫp

Fa+ǫq
ϕa+ǫq,ǫp
//

Fa+ǫp+ǫq
//

· · · //

Fa+(wp−1)ǫp+ǫq
//

Fa+wpǫp+ǫq

...

...

...

...

...

Fa+wqǫq
// Fa+wqǫq+ǫp
// · · · // Fa+wqǫq+(wp−1)ǫp
// Fa+wpǫp+wqǫq
satisfying the periodic properties Fa+wpǫp = Fa(p), ϕa+wpǫp,ǫq = ϕa,ǫq (p) and such that the composition
ϕa+(wp−1)ǫp,ǫp ◦ · · · ◦ ϕa,ǫp : Fa → Fa(p)
is the natural morphism for all a ∈ ZS and all p ∈ S, where ǫp is the canonical basis of ZS . A morphism
f• : F• → G• between two quasi-parabolic coherent sheaves F• and G• is defined in an obvious way: namely,
a collection f• of morphisms fa : Fa → Ga such that each diagram
Fa
ϕa,ǫp
//
fa

Fa+ǫp
fa+ǫp

Ga
ϕ′
a,ǫp
// Ga+ǫp
commutes for any a ∈ ZS and any p ∈ S.
If Fa+iǫp is not torsion free at some point p for some i, then the natural map Fa → Fa(p) is not injective,
hence at least one of the ϕ• is not injective. By the same argument we can easily see that all the ϕa,ǫp ’s are
isomorphisms on X \{p} and all the Fa+iǫp ’s have the same generic rank. Thus we define the rank rankF• of
a quasi-parabolic coherent sheaf F• as the rank of F0. A quasi-parabolic coherent sheaf F• is called locally
free or a quasi-parabolic vector bundle if all the components Fa are locally free and F• is called torsion
if rankF• = 0. Any quasi-parabolic coherent sheaf F• can be decomposed as a direct sum F
tor
• ⊕ F
vec
•
of a canonical quasi-parabolic torsion subsheaf F tor• ⊂ F• and a canonical quasi-parabolic quotient bundle
F vec• = F•/F
tor
• (c.f. [Hei, Remark 3.3]).
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For a quasi-parabolic coherent sheafF•, the degrees of the middle terms in the diagram (1.4) are determined
by the degrees of its frames: the sheaf Fa+iǫp+jǫq is isomorphic to Fa+iǫp on X \ {q} and is isomorphic to
Fa+jǫq on X \ {p}. These sheaves glue together since they both isomorphic to Fa on X \ {p, q}. Therefore
we define the multi-degree degF• of F• as the collection
degF• = (degF0, degFnpǫp)p∈S,1≤np≤wp−1.
We fix a collection a = (ap,i)p∈S,1≤i≤wp−1 of real numbers such that
(1.5) 0 ≤ ap,wp−1 < ap,wp−2 < · · · < ap,1 < 1
for all p ∈ S. For any quasi-parabolic coherent sheaf F•, we define the parabolic degree par degF• of F• as
par degF• = degF0 +
∑
p∈S
∑
1≤i≤wp−1
ap,i(degFiǫp − degF(i−1)ǫp).
The parabolic slope of F• is defined as
µ(F•) =
par degF•
rankF•
∈ Q ∪ {∞}.
As usual, an F• is said to be semi-stable (resp. stable) of slope ν if µ(F•) = ν and if µ(G•) ≤ ν (resp.
µ(G•) < ν) for any proper subsheaf G• ⊂ F•.
1.3. Homological properties. Let ParCoh(X) be the category of coherent sheaves on X with w-step quasi-
parabolic structure on S within the chosen stability condition a. We will call an object F• of ParCoh(X) a
parabolic coherent sheaf for convenience and for any pair of parabolic coherent sheaves (F•,G•) we denote
by ParHom(F•,G•) the set of morphisms from F• to G• (and similarly for ParExt
i(F•,G•) for all i). It
is obvious the ParCoh(X) is an abelian category where the kernel and the cokernel of a morphism can be
defined componentwisely. The compatibilities thus follow from the corresponding ones of Coh(X). Moreover
we have
Lemma 1.1. [Hei, Lemma 2.1, 3.4][Len, Lemma 4.2, Theorem 4.3] ParCoh(X) is connected, finitary, abelian,
noetherian and of global dimension one. Moreover, ParCoh(X) has enough injectives.
Remarks.
(1) If E• ∈ ParCoh(X) is a parabolic vector bundle, all the arrows in the diagram (1.4) are inclusions.
We may hence interpret E• as a filtration
E0 ⊆ Eǫp ⊆ E2ǫp ⊆ · · · ⊂ E(wp−1)ǫp ⊆ Ewpǫp = E0(p)
or equivalently as a filtration
0 = E0/E0 ⊆ Eǫp/E0 ⊆ · · · ⊆ E(wp−1)ǫp/E0 ⊆ E0(p)/E0
of the fiber (E0)p = E0(p)/E0 of E0 at p. In other word, our definition of a parabolic vector bundle co-
incides with the one in the usual sense of Mehta and Seshadri(c.f. [MS]). The presented generalization
to coherent sheaves is due to Heinloth (see [Hei]).
(2) It is easy to see that the morphisms in ParCoh(X) between parabolic bundles are necessary the
strongly ones since we equip all the quasi-parabolic vector bundles with the same weights (cf. [GPGM]).
There is a natural ZS-action on ParCoh(X) as the shift automorphism a : ParCoh(X) → ParCoh(X)
defined by
a ·F• = a · (Fb)b∈ZS = (Fb+a)b∈ZS =: F•(a)
for all a ∈ ZS . The Picard group Pic(X) of Coh(X) also acts on ParCoh(X) as automorphisms:
Pic(X)× ParCoh(X)→ ParCoh(X)
(L ,F• = (Fa)a∈ZS ) 7→ L ·F• := (Fa ⊗L )a∈ZS .
Clearly these two actions commute and satisfy the relations
OX(p) ·F• = wpǫp ·F• = F•(wpǫp)
for all p ∈ S.
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We will say a parabolic coherent sheaf F• ∈ ParCoh(X) is constant if F• is of the form
F0 = F //

F //

· · · //

F //

F (p)

F //

F //

· · · //

F //

F (p)

... //

... //

... //

... //

...

F //

F //

· · · //

F //

F (p)

F (q) // F (q) // · · · // F (q) // F (p+ q)
for some coherent sheaf F ∈ Coh(X) and we denote by (F )• such a parabolic coherent sheaf. The category
Coh(X) can be embedded into ParCoh(X) by assigning a coherent sheaf F ∈ Coh(X) to the constant
parabolic sheaf (F )•. Conversely there is a natural functor ( )a : ParCoh(X)→ Coh(X) for any a ∈ ZS by
sending F• = (Fa)a∈ZS to Fa. These two functors ( )• and ( )a satisfy the following adjunction properties:
ParHom((F )•,G•) = Hom(F ,G0)
ParHom(G•, (F )•) = Hom(Gw,F )
(1.6)
where we set w :=
∑
p∈S(wp − 1)ǫp and hence Gw = G
∑
p∈S(wp−1)ǫp
. Similarly for the extension spaces
ParExt1((F )•,G•) = Ext
1(F ,G0)
ParExt1(G•, (F )•) = Ext
1(Gw,F )
(1.7)
1.4. Tensor product by parabolic line bundles. We call an L• ∈ ParCoh(X) a parabolic line bundle if
L• is locally free and of rank one. Observe that any parabolic line bundle L• is isomorphic to a suitable shift
of a constant parabolic line bundle, i.e., L• ≃ (L ′)•(a) for some line bundle L ′ ∈ Pic(X) and a ∈ ZS .
There is a well-behaved notion of tensor product of two parabolic vector bundles, which is best understood
in terms of R-filtered sheaves (c.f. [Yo]). However, we shall only use the case of tensoring a parabolic coherent
sheaf F• by a parabolic line bundle L• and it is translated in our language as follows: let L• = (L )•(a) for
some L ∈ Pic(X) and some a ∈ ZS . Then
F• ⊗ (L )•(a) := (Fb ⊗L )b∈ZS(a).
A direct consequence of the Serre duality (c.f. (1.2)) and the adjunction properties (1.6) and (1.7) is that
for any F ∈ Coh(X) and any G• ∈ ParCoh(X), we have
ParExt1((F )•,G•)
∗ ≃ ParHom(G• ⊗ ω
−1
• , (F )•)
ParExt1(G•, (F )•)
∗ ≃ ParHom((F )• ⊗ ω
−1
• ,G•)
(1.8)
where we set ωk• = (ω
⊗k
X )•(kw) for each k ∈ Z. It will be also convenient to set O• := (OX)•.
Let ParBun(X) be the full subcategory of ParCoh(X) consisting of parabolic vector bundles. For any
parabolic vector bundle E• ∈ ParBun(X), there is also a well-defined notion of the dual parabolic bundle E ∗•
which can be also translated in our language as follows: we first consider the “naive” dual E ′∗• = (E
′∗
a )a∈ZS
with E ′∗a = E
∗
−a for all a ∈ Z
S . The dual of a parabolic vector bundle E• is defined to be E
∗
• := E
′∗
• (−w).
It is easy to check that E ∗∗• = E• and par deg E
∗
• = − par deg E•. Moreover, we have the following parabolic
version of Serre duality:
Proposition 1.2 (Serre duality). [Yo, Proposition 3.7] For any pair F•,G• ∈ ParCoh(X), we have
ParExt(F•,G•)
∗ ≃ ParHom(G• ⊗ ω
−1
• ,F•)
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Proposition 1.3. Any parabolic vector bundle E• has a filtration
(1.9) 0 = E 0• ⊂ E
1
• ⊂ · · · ⊂ E
n
• = E•
whose factors E i•/E
i−1
• are parabolic line bunles.
Proof. We proceed by induction on the rankE•. By the adjunction properties (1.6), we may assume by a
suitable shift that ParHom(L•, E•) 6= 0, where L• is a parabolic line bundle. Hence L• may be viewed
as a subsheaf of E•. Note that every parabolic coherent sheaf F• can be decomposed into a direct sum
of a parabolic vector bundle F vec• and a parabolic torsion sheaf F
tor
• . If E
1
• ⊂ E• is chosen such that
E 1• /L• ≃ (E•/L•)
tor, then E 1• is clearly a parabolic line bundle and E•/E
1
• is again a parabolic vector bundle
of rank less than rankE•. The assertion now follows from the induction hypothesis.

1.5. Parabolic torsion sheaves. We denote by ParTor(X) the subcategory of ParCoh(X) consisting of
parabolic torsion sheaves. As the usual case without parabolic structure, it splits into a direct product of
blocks
(1.10) ParTor(X) =
∏
x∈|X|
ParTorx(X)
where ParTorx(X) is the subcategory of parabolic torsion sheaves supported at a single point x ∈ |X |. If
x /∈ S and T• ∈ ParTorx(X), then all the Ta are isomorphic and thus T• = (T0)•. Thus ParTorx(X) is
equivalent to Torx(X), the subcategory of torsion sheaves (without extra structure) onX supported at a single
point x ∈ |X |. Hence ParTorx(X) is equivalent to the category of OX,x-mod of finite-length modules over
the local ring OX,x of x, which is a discrete valuation ring and we denote by O
(λ)
x,• := (O
(λ)
X,x)•. If p ∈ S, any
indecomposable parabolic torsion sheaf supported at p will be of the form O
(k)
p,• (iǫp) := O•(iǫp)/O•((i− k)ǫp)
for some 0 ≤ i < wp and k > 0 (c.f. [Hei, Section 3]).
It will be convenient for us to interpret the categories ParTorx(X) as the categories of representations of
quivers: let Cn denote the quiver of type A
(1)
n−1 with cyclic orientation. We also let C1 be the Jordan quiver,
i.e., the quiver with one vertex and one loop. A representation of Cn over a field k is a collection of k-linear
vector spaces Vi with i ∈ Z/nZ together with a collection of linear maps xi : Vi → Vi−1. Morphisms between
two representations (V , x) and (W, y) are k-linear maps φi : Vi → Wi such that φixi = yiφi. Finally, a
representation (V , x) is called nilpotent if there exists M ≫ 0 such that xi+M · · ·xi = 0 for all i.
The set of isomorphism classes of indecomposable nilpotent representations of C1 over k is in bijection with
N∗ and we denote by |m) the class of the indecomposable nilpotent representations of dimension m. The set
of isomorphism classes of nilpotent representations is thus in bijection with the set Π of all partitions via the
assignment λ = (λ1 ≥ · · · ≥ λt) 7→ |λ) := |λ1)⊕ · · · ⊕ |λt). For x /∈ S, the assignment O
(m)
x,• := (O
(m)
X,x)• 7→ |m)
gives rise to a Morita equivalence of ParTorx(X) and the category Rep
nil
k (C1) of nilpotent representations of
C1 over k.
Now consider the quiver Cn for n > 1. Denote by (ǫi)i∈Z/nZ the canonical basis of Z
Z/nZ. For each
i ∈ Z/nZ and k ∈ N∗, define the cyclic segment [i; k) to be the image of the projection to Z/nZ of the
segment [i′; i′ − k + 1] for any i′ ∈ Z with i′ ≡ i mod n. A cyclic multisegment is a finite linear combination
m =
∑
i,k ai,k[i; k) with ai,k ∈ N. The isomorphism classes of nilpotent representations (resp. indecomposable
representations) of Cn over k is in bijection with the set of cyclic multisegments (resp. cyclic segments), c.f.
[S2]. For p ∈ S, the assigment O
(k)
p,• (iǫp) 7→ [i; k) give rise to a Morita equivalence between ParTorp(X) and
Repnil
k
(Cwp).
1.6. The numerical Grothendieck group. The Grothendieck group K(ParCoh(X)) can be described as
follows: recall from § 1.2 that every parabolic coherent sheaf is a direct sum of a parabolic vector bundle and
a parabolic torsion sheaf. By the Proposition 1.3, the class of a parabolic vector bundle in K(ParCoh(X)) is
determined by the classes of parabolic line bundles appeared in the filtration (1.9) and every parabolic torsion
sheaf is an extension of simple parabolic torsion sheaves. Therefore the classes [L•] of parabolic line bundles
L• form a system of generators for K(ParCoh(X)). We denote by K
+(ParCoh(X)) ⊂ K(ParCoh(X)) the
subset of K(ParCoh(X)) consisting of the classes of parabolic coherent sheaves. We will denote by 〈 , 〉par
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the corresponding Euler form on ParCoh(X) to distinguish the usual Euler form 〈 , 〉 on the category Coh(X)
of coherent sheaves without parabolic structures, i.e., for any two parabolic coherent sheaves F•,G•,
〈F•,G•〉par := dimParHom(F•,G•)− dimParExt
1(F•,G•)
Let us first compute some easy cases of the Euler form:
Lemma 1.4. For any p, p′ ∈ S, 0 ≤ i < wp and 0 ≤ j < wp′ , we have
〈O•, (O(p))•〉par = 2− g, 〈O•,O(iǫp)〉par = 1− g
〈O•,O
(1)
p,•(iǫp)〉par =
{
1 if i = 0,
0 otherwise
〈O
(1)
p,•(iǫp),O•〉par =
{
−1 if i = 1,
0 otherwise
〈O
(1)
p,•(iǫp),O
(1)
p′,•(jǫp′)〉par =

1 if p = p′, i = j
−1 if p = p′, i ≡ j + 1 mod wp
0 otherwise
Proof. By the adjunction properties (1.6), (1.7) and the ordinary Riemann-Roch formula (1.3), we have
〈O•, (O(p))•〉par = 〈OX ,OX(p)〉 = 2− g.
Similarly, since 0 ≤ i < wp, (O•(iǫp))0 = (O•(−iǫp))w = OX , we have
〈O•,O•(iǫp)〉par = 〈OX ,OX〉 = 1− g.
Note that (O
(1)
p,•(iǫp))jǫp = δwp−i,jOX,p. Again by the adjunction properties, we have
ParHom(O
(1)
p,•(iǫp),O•) = ParExt(O•,O
(1)
p,•(iǫp)) = 0,
ParHom(O•,O
(1)
p,•(iǫp)) =
{
Hom(OX,OX,p) if i = 0
{0} if i 6= 0
,
ParExt(O
(1)
p,•(iǫp),O•) =
{
Ext(OX,p,OX) if i = 1
{0} if i 6= 1
.
Finally, the computation of the last assertion is identical to the corresponding cyclic quiver (c.f. [S1, Lecture
3]) and we omit it. 
In general, we can deduce the Riemann-Roch formula for the parabolic coherent sheaves from the above
computations:
Corollary 1.5 (Riemann-Roch formula). For any two parabolic coherent sheaves F•,G•, we have
(1.11) 〈F•,G•〉par = 〈F0,G0〉+
∑
p∈S
wp−1∑
i=1
(
degFiǫp − degF0
)
·
(
deg Giǫp − deg G(i+1)ǫp
)
.
Proof. Note that the Euler form 〈F•,G•〉par of F• and G• depends only on their classes in K(ParCoh(X)).
From the observation at the beginning of this subsection and the fact that any parabolic line bundle is a shift
of a constant parabolic line bundle (see § 1.4), we may write
[F•] =
rankF•∑
j=1
[L j• ] + degF0δ +
∑
p∈S
wp−1∑
i=1
(
degFiǫp − degF0
)
[O
(1)
p,•(−iǫp)]
[G•] =
rankG•∑
j=1
[L ′j• ] + deg G0δ +
∑
p∈S
wp−1∑
i=1
(
degGiǫp − degG0
)
[O
(1)
p,•(−iǫp)]
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where L j• ,L
′j
• are constant parabolic line bundles of constant multi-degree (0, . . . , 0) for all j, k and δ =∑wp−1
i=0 [O
(1)
p,•(iǫp)] for all p ∈ S. By Lemma 1.4 and the bilinearity of the Euler form, we have
〈F•,G•〉par = (1 − g) rankF• rankG•
+ rankF• deg G0 − rankG• degF0 − rankG•
∑
p∈S
(
degF(wp−1)ǫp − degF0
)
+
∑
p∈S
wp−1∑
i=1
(
degFiǫp − degF0
)(
degGiǫp − deg G0 − degG(i+1)ǫp + deg G0
)
+
∑
p∈S
(
degF(wp−1)ǫp − degF0
)(
deg Gwpǫp − deg G0
)
= (1 − g) rankF• rankG• + rankF• degG0 − rankG• degF0
+
∑
p∈S
wp−1∑
i=1
(
degFiǫp − degF0
)(
degGiǫp − deg G(i+1)ǫp
)
= 〈F0,G0〉+
∑
p∈S
wp−1∑
i=1
(
degFiǫp − degF0
)
·
(
deg Giǫp − degG(i+1)ǫp
)
.

Consequencely, the Euler form is determined by the ranks and multi-degrees of parabolic coherent sheaves
involved. As in the case of Coh(X), We may rather consider the numerical Grothendieck group K = Z×Z×∏
p∈S Z
wp−1 by the assignment
ϕ : K(ParCoh(X))→ K
[F•] 7→ (rankF•, degF•).
It may be convenient to set αp,nwp+i = ϕ([O
(1)
p,•(i)]) for all p ∈ S, 0 ≤ i ≤ wp − 1, n ∈ Z and δ =
∑wp−1
i=0 αp,i
for all p. We denote by K+ the image of K+(ParCoh(X)) via the above map.
Let
K+,tor := {ϕ([T•]) | T• ∈ ParTor(X)} = {
∑
p∈S
∑
0≤i≤wp−1
Nαp,i} \ {(0, . . . , 0)}.
and
K+,vecr := {ϕ([E•]) | E• ∈ ParBunr(X)}, K
+,vec := {ϕ([E•]) | E• ∈ ParBun(X)} = ∪r≥1K+,vecr
where ParBunr(X) stands for the set of (isomorphic classes of) all parabolic vector bundles of rank r. Note
that (r,d) ∈ K+,vecr only if
(1.12) d0 ≤ dǫp ≤ · · · ≤ d(wp−1)ǫp ≤ d0 + r
for all p ∈ S. For any pair (r,d), (r,d′) ∈ K+,vecr , we may define
(1.13) (r,d) ≤ (r,d′) if (0,d′ − d) ∈ K+,tor ∪ {(0, . . . , 0)}.
It is easy to check that par deg((r,d)) ≤ par deg((r,d′)) if (r,d) ≤ (r,d′).
For any (r,d) ∈ K+,vecr , we may sometimes write d = (d0,m
d) := d0δ +
∑
p∈S
∑
1≤i≤wp−1
mdp,iαp,i with
mdp,i = diǫp − d0 for all p, i. We may call m
d the dimension type or flag type of (r,d). By (1.12), the set F(r)
of flag types m of rank r is finite. For any two flag types m,m′ ∈ F(r) of rank r, we set
(1.14) 〈m,m′〉 := 〈(r, 0,m), (r, 0,m′)〉par − (1− g)r
2.
We define an ordering on F(r) via (1.13):
(1.15) m ≤m′ ⇐⇒ (r, 0,m) ≤ (r, 0,m′).
In addition, for any flag type m ∈ F(1) of rank 1, i.e., m = md for some (1,d) ∈ K+,vec1 , we set mp =∑
1≤i≤wp−1
mp,i for all p ∈ S and m = (mp)p∈S .
SPHERICAL HALL ALGEBRAS OF WEIGHTED PROJECTIVE CURVES 11
1.7. Harder-Narasimhan filtration. Finally, for any fixed slope ν ∈ Q ∪ {∞} we let Cν stand for the full
subcategory of ParCoh(X) consisting of semi-stable parabolic coherent sheaves of slope ν. As an example,
C∞ = ParTor(X). The fundamental properties of the categories Cν are listed below:
Proposition 1.6. The following hold:
(i) The categories Cν are abelian, artinian and noetherian.
(ii) ParHom(F•,G•) = ∅ if F• ∈ Cν ,G• ∈ Cµ and ν > µ.
(iii) Any parabolic coherent sheaf F• admits a unique filtration
(1.16) 0 ( F s• ( · · · ( F
1
• = F•
satisfying the following conditions: F i•/F
i+1
• is semi-stable for all i and
µ(F 1• /F
2
• ) < · · · < µ(F
s−1
• /F
s
• ) < µ(F
s
• ).
(iv) If F• and G• are stable and par degF• = par deg G•, then F• ≃ G•.
(v) Let F• be semi-stable. There exists a filtration of F•
0 ( F t• ( · · · ( F
1
• = F•
such that F i•/F
i+1
• is stable and µ(F
i
•/F
i+1
• ) = µ(F•) for all i.
Proof. The argument is standard, c.f. [Se, Proposition 11, The´ore`me 8 and 12, Chap. 3]. 
The filtration (1.16) is called the Harder-Narasimhan (or HN for short) filtration of F• and the factors
F 1• , . . . ,F
s
• are called the semi-stable factors of F•. We define the HN-type of F• to be HN(F•) =
(α1, · · · , αs) with αi = [F i•]− [F
i+1
• ] ∈ K
+. Note that we have α = α1 + · · ·αs = [F•]. We may associate a
convex polygon HNP (F•) (called Harder-Narasimhan polygon of F• in R
2): the vertices of HNP (F•) are
points (0, 0), (rankα1, par degα1), (rank(α1 + α2), par deg(α1 + α2)), . . . , (rankα, par degα). The polygons
corresponding to parabolic coherent sheaves have a natural partial ordering, namely, HNP (F•) ≤ HNP (G•)
if all the vertices of HNP (F•) lie on or below the polygon HNP (G•).
Let ν ≤ ν′ ∈ Q ∪ {∞} and ParCoh[ν,ν
′](X) be the full subcategory of ParCoh(X) consisting of parabolic
coherent sheaves all of whose semi-stable factors are of slope comprised between ν and ν′. We define in a sim-
ilar fashion the full subcategories ParCoh≥ν(X),ParCoh>ν(X),ParCoh≤ν(X),ParCoh<ν(X) . . . etc. These
categories are preserved in a natural sense by extension of the base field.
From the existence of a scheme of finite type parametrizing isomorphism classes of semi-stable parabolic
sheaves of a given rank and parabolic degree (c.f. [Se, The´ore`me 23]), we deduce:
Lemma 1.7. For any α ∈ K+, there exists only finitely many isomorphism classes of semi-stable parabolic
sheaves of class α.
Lemma 1.8. For any pair ν < ν′ ∈ Q ∪ {∞}, we have the following:
(i) ParCoh[ν,ν
′](X) is stable under extensions and taking quotients.
(ii) For any α ∈ K+, the number of isomorphism classes of parabolic coherent sheaves in ParCoh[ν,ν
′]
α (X)
is finite.
(iii) Let α ∈ K+ and F• ∈ ParCoh(X). The number of isomorphism classes of parabolic subsheaves
H• ⊂ F• of class α is finite.
Proof. The fact that ParCoh[ν,ν
′](X) is stable under extensions follows by definition. To prove ParCoh[ν,ν
′](X)
is stable under quotients, we fix F• ∈ ParCoh
[ν,ν′](X). Let H• be a quotient of F• and
0 ( H t• ( · · · ( H
1
• = H•
be the HN filtration of H•. Then on one hand we have H• ∈ ParCoh
≥µ(H•/H
2
• )(X). On the other hand,
there exists a surjective map F• → H•/H 2• and H•/H
2
• is semi-stable. This implies µ(H•/H
2
• ) ≥ ν. Hence
H• ∈ ParCoh
≥ν(X). Similarly, H• ∈ ParCoh
≤µ(H t• )(X). Since H t• is a parabolic subsheaf of F• and H
t
• is
semi-stable, H t• is a semi-stable factor of F•. It implies µ(H
t
• ≤ ν
′ and hence H• ∈ ParCoh
[ν,ν′](X).
Fix α ∈ K+. There exists only finitely many HN-types (α1, . . . , αs) satisfying
∑
i αi = α, µ(α1) ≥ ν and
µ(αs) ≤ ν′. For any fixed HN-type α, there exist finitely many isomorphism classes of F• ∈ ParCoh(X) such
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that HN(F•) = α. Indeed, such a parabolic sheaf F• is an iterated extension of semi-stable parabolic sheaves
of respective classes α1, . . . , αs. By Lemma 1.7, there are finitely many isomorphism classes of semi-stable
parabolic sheaves of a given class (in K+) and all the ParExt groups in the category ParCoh(X) are finite.
This proves the statement (ii).
For the statement (iii), let F• ∈ ParCoh(X). There exists ν ∈ Q ∪ {∞} such that F• ∈ ParCoh
≥ν(X).
Fix α ∈ K+. Any quotient H• of F• belongs to ParCoh
≥ν by statement (i). By statement (ii), there are only
finitely many isomorphism classes of H• of class [F•] − α. Hence there are only finitely many isomorphism
classes of parabolic subsheaves G• of F• of a given class α.

2. The Hall algebras
2.1. Reminder of Hall algebras. We briefly recall here the definition of the Hall algebra of a finitary
abelian category for reader’s convenience and refer to [S1, Lecture 1] for its standard properties. We will say
an abelian category A finitary if for any two objects F and G of A all the group ExtiA(F ,G ) have finite
cardinality and are zero for almost all i. For instance any abelian category A which is linear over a finite
field k and which satisfies dimExtiA(F ,G ) < ∞ for all i is finitary. For a k-linear finitary abelian category
A we denote by K(A) its Grothendieck group defined over Z. If A is of finite global dimension then we may
consider the Euler form
〈F ,G 〉 =
∞∑
i=0
(−1)i dimExtiA(F ,G ).
Note that the Euler form only depend on the classes ofF and G in the Grothendieck group and thus it descends
to a bilinear form 〈 , 〉 : K(A)⊗K(A)→ C. We also need the symmetrized version (F ,G ) = 〈F ,G 〉+〈G ,F 〉.
Our only interest here is when A is finitary, abelian and hereditary (i.e. of global dimension at most one).
Let I (resp. Iα) be the set of isomorphism classes of A (resp. of class α ∈ K(A)). Let us choose a square
root v of q−1 where q is the number of elements of the finite field k. The Hall algebra HA of A is defined in
the following way: as a vector space we have
HA[α] = {f : Iα → C | supp(f) <∞} =
⊕
F∈Iα
C1F , HA =
⊕
α∈K(A)HA[α],
where 1F stands for the characteristic function of F ∈ Iα. The multiplication m is defined as
(2.1) m(f ⊗ g)(R) = (f · g)(R) =
∑
N ⊆R
v−〈R/N ,N 〉f(R/N )g(N ).
and the comultiplication ∆ is defined as
(2.2) ∆(f)(M ,N ) =
v〈M ,N 〉
#Ext1A(M ,N )
∑
ξ∈Ext1A(M ,N )
f(Xξ),
where Xξ is the extension of M by N corresponding to ξ. Note that the comultiplication may take values in
a completion HA⊗̂HA of the tensor space HA⊗HA. Then (HA,m) (resp. (HA,∆)) is an associative algebra
(resp. topological coassociative coalgebra). It is easy to deduce from the definition that, for any M ,N ∈ I,
we have
(2.3) 1M · 1N = v
−〈M ,N 〉
∑
L
1
aMaN
PLM ,N 1L
where PL
M ,N is the number of exact sequences
0→ N → L → M → 0
and aM = #Aut(M ). Note that
1
aMaN
= #{R ⊂ L | R ≃ N and L /R ≃ M }.
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Similarly, for any L ∈ I we have
(2.4) ∆(1L ) =
∑
M ,N
v−〈M ,N 〉
1
aL
PLM ,N 1M ⊗ 1N .
By definition the Hall algebra HA is gradded by the Grothendieck group K(A). We will sometimes write
∆α,β in order to specify the graded components of the comultiplication.
The Hall algebra HA will become a (topological) bialgebra if we suitably twist the coproduct: let K =
C[K(A)] be the group algebra of K(A) and for any class α ∈ K(A) we denote by κα the corresponding
element in K. We define an extend Hall algebra HA = HA ⊗K with relations
κακβ = κα+β, κ0 = 1, κα1Fκ
−1
α = v
−(α,[F ])1F ,
where [F ] stands for the class of F in K(A). The new coproduct defined on HA is given by the formula
∆˜(κα) = κα ⊗ κα,
∆˜(f) =
∑
M ,N ∆(f)(M ,N )1Mκ[N ] ⊗ 1N .
Then we have the following Green’s Theorem
Theorem 2.1. [Gre] Let A be a finitary abelian category of global dimension at most one. Then (HA,m, ∆˜)
is a (topological) biaglebra.
Let
( , )G : HA ⊗HA → C
be the Green’s Hermiltan scalar product defined by
(1Mκα, 1N κβ)G =
δM ,N
aM
v−(α,β).
This scalar product is a Hopf pairing, i.e., we have
(2.5) (ab, c)G = (a⊗ b, ∆˜(c))G, a, b, c ∈ HA.
Moreover, the restriction of ( , )G to HA is nondegenerate.
Finally, for any class γ ∈ K(A), we set
1γ =
∑
M ,[M ]=γ
1M ,
where the sum ranges over all the isoclasses of objects M of class γ. This sum may be infinite for some
categories, so strickly speaking, 1γ belongs to the formal completion ĤA of HA. The coproduct extends to
a map
∆ : ĤA → HA⊗̂HA.
We have the following useful Lemma
Lemma 2.2. [S1, Lemma 1.7]
∆(1γ) =
∑
γ=α+β
v〈α,β〉1α ⊗ 1β .
2.2. Torsion subalgebra. We fix a smooth projective curve X of genus g over a finite field k = Fq of q
elements, a finite set S = {p1, . . . , pN} ⊂ X(k) of rational points of X , a collection (wp)p∈S of positive
integers and a collection a = (ap,i)p∈S,1≤i≤wp−1 of real numbers satisfying (1.5). In this section we begin the
study of the Hall algebra H := HParCoh(X) (resp. extended Hall algebra H := HParCoh(X)) of the category
ParCoh(X).
Conventions: We will always denote the same by A the set of isomorphism classes of objects in the category
A for A = ParCoh(X),ParBun(X), . . . etc to simplify the notations.
The algebra H comes with a K(ParCoh(X))-grading, but we will mostly use the numerical K-group K
only (c.f. § 1.6):
H =
⊕
(r,d)∈K
H[(r,d)].
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Of course, H[(r,d)] = {0} unless (r,d) ∈ K+. Let K = C[K] be the group algebra of K.
Let HTor := HParTor(X) be the Hall algebra of the subcategory ParTor(X). Analogous to (1.10) there is a
decompositionHTor =
⊗′
x∈|X|HParTorx(X) whereHParTorx(X) is the Hall algebra of ParTorx(X). Here by
⊗′
we mean the restricted tensor product, i.e., the linear space spanned by all vectors of the form hx1⊗· · ·⊗hxn ,
for n ∈ N, hxi ∈ HParTorxi (X) and set of distinct points {x1, . . . , xn}.
If x /∈ S, since ParTorx(X) ≃ OX,x-mod, HParTorx(X) is isomorphic to the classical Hall algebra defined
over the residue field kx at x, and is therefore identified with the algebra of symmetric functions:
Ψx : HParTorx(X)
∼
−→ Λvx := Λ⊗ Cvx
1
(O
(1d)
X,x )•
7→ vd(d−1)x ed
where vx = v
deg(x), Cvx = C[vx, v
−1
x ], Λ = C[y1, y2, . . . ]
S∞ is the Macdonald’s ring of symmetric functions
and {ed}d∈N denotes the elementary symmetric polynomials. Under this identification, for any partition
λ = (λ1 ≥ · · · ≥ λl) ∈ Π, the element 1x,λ := 1O(λ)x,•
corresponds to v
2n(λ)
x Pλ(v
2
x), where n(λ) =
∑
i(i − 1)λi
and Pλ(t) is the Hall-Littlewood polynomial. We might set Ix,λ = 1O(λ)x,•
. Let d be any positive integer
and hd, pd ∈ Λvx be the corresponding complete symmetric function and the power-sum symmetric function
respectively, we define the elements 1x,d, Tx,d ∈ HParTorx(X) by
1x,d = Ψ
−1
x (hd), Tx,d = Ψ
−1
x (pd).
Explicitly, they are given by the formula
1x,d =
∑
T• ∈ ParTorx(X)
[T•] = (0, dδ)
1T• =
∑
λ⊢d 1x,λ, Tx,d =
∑
λ⊢d nvx(l(λ)− 1)1x,λ
where nvx(m) =
∏m
i=1(1− v
−2i
x ). In fact, 1x,d and Tx,d satisfy the relation
1 +
∑
d>0 1x,ds
d deg(x) = exp
(∑
d>0
Tx,d
d s
d deg(x)
)
By construction, we have ∆(Tx,d) = Tx,d ⊗ 1 + 1 ⊗ Tx,d and the collection of elements {Tx,d | d ∈ N} freely
generates the commutative algebra HParTorx(X).
Let p ∈ S, 0 ≤ i < wp and k ∈ N∗, we set
Ip,k(i) := 1O(k)p,•(iǫp)
, Ip,k(−i) := Ip,k(wp − i).
It is easy to see that
Lemma 2.3. Let p ∈ S and 0 ≤ i ≤ wp − 1. Then
(i) For n ∈ N and 1 ≤ j ≤ wp − 1, we have
(2.6) Ip,nwp+j(i) =
{
Ip,j(i) if n = 0
Ip,nwp(i)Ip,j(i)− v
2Ip,j(i)Ip,nwp(i) if n > 0
.
(ii) For 1 < j < wp,
Ip,j(i) = v
−1Ip,j−1(i)Ip,1(i − j + 1)− Ip,1(i− j + 1)Ip,j−1(i).
Proof. Recall from § 1.5 that ParTorp(X) is equivalent to Rep
nil
k
(Cwp). The proof is identical to the corre-
sponding cyclic quiver, c.f. [BS, Lemma 5.16] for assertion i) and [S1, Sect. 3.3] for assertion ii).

Moreover, it follows from [R] that the assignment Ei 7→ Ip,1(i) defines an embedding
(2.7) U+v (ŝlwp) →֒ HParTorp(X).
For any partition λ = (λ1 ≥ · · · ≥ λr) ∈ Π and 0 ≤ i < wp, we associate
1p,λ(i) := 1⊕
j O
(λjwp)
p,• (i)
∈ HParTorp(X)
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and we set
HiParTorp(X) :=
⊕
λ∈Π
Cv1p,λ(i).
Then the assignment 1p,λ(i) 7→ v2n(λ)Pλ(v2) extends to an algebra isomorphism Ψp(i) : HiParTorp(X)
∼
−→ Λv.
Note that 1p,(d)(i) = Ip,dwp(i) and H
i
ParTorp(X)
is a commutative subalgebra (but not central) of HParTorp(X)
freely generated by the set {Ip,dwp(i)}d∈N∗ . The multiplication maps U
+
v (ŝlwp)⊗H
0
ParTorp(X)
→ HParTorp(X)
and H0ParTorp(X) ⊗U
+
v (ŝlwp)→ HParTorp(X) induce isomorphisms of Cv-modules (c.f. [S2, Lemma 4.3]).
Remarks. However the embedding (2.7) can be extended to an isomorphism
HParTorp(X)
∼
−→ U+v (ŝlwp)⊗Cv Z
where Z = Cv[x1, x2, . . . ] is a central subalgebra (see [S2, Theorem 4.2]).
Similarly, for d ≥ 1, we set 1p,d(i) := Ψp(i)−1(hd), Tp,d(i) := Ψp(i)−1(pd) .
2.3. Global Hecke algebras. The full subcategory ParBun(X) of parabolic vector bundles on X is not
abelian, but it is exact and stable under extensions. Hence it also gives rise to a subalgebra
Hvec :=
⊕
E•∈ParBun(X)
C1E• .
Recall that every parabolic coherent sheaf F• is isomorphic to a (unique) direct sum F
vec
• ⊕ F
tor
• of a
parabolic vector bundle F vec• and a parabolic torsion sheaf F
tor
• . In addition, ParHom(F
tor
• ,F
vec
• ) =
ParExt(F vec• ,F
tor
• ) = 0. It follows that
1Fvec• · 1Ftor• = v
−〈Fvec• ,F
tor
• 〉par1F .
We deduce that the multiplication map defines vector space isomorphisms
(2.8) m : Hvec ⊗Htor
∼
−→ H, Hvec ⊗Htor ⊗K
∼
−→ H.
We denote by ̟ : H→ Hvec the projection which satisfies
̟(uvutκr,d) =
{
uv if ut = 1
0 otherwise
, uv ∈ H
vec, ut ∈ H
tor, (r,d) ∈ K.
In fact, one may view H as some kind of semi-direct product of Hvec and Htor. The collection of primitive
elements Prim = {Tx,d, Tp,d(0), Ip,1(i) | x ∈ |X | \ S, p ∈ S, d ∈ N∗, 0 ≤ i < wp} generates the algebra Htor.
We have
Proposition 2.4. Let x ∈ |X | \ S, p ∈ S, d ∈ N∗ and 0 ≤ i < wp, we have
adv(Tx,d) ·Hvec ⊆ Hvec, adv(Tp,d(0)) ·Hvec ⊆ Hvec, adv(Ip,1(i)) ·Hvec ⊆ Hvec,
where
adv(T )(1F•) := T · 1F• − v
([T ],[E•])par1F• · T,
[T ] denotes the corresponding class of T in K+,tor and ([T ], [E•])par is the symmetrized Euler form.
Proof. Let E• be a parabolic vector bundle over X and T ∈ Prim. We will prove that ad(T ) · 1E• ∈ H
vec by
showing that (ad(T ) · 1E• , 1F•)G = 0 for all parabolic coherent sheaves F• /∈ ParBun(X). Here ( , )G is the
Green’s scalar product which is non-degenerate on H and a Hopf pairing.
Let F• be one such parabolic coherent sheaf of rank r = rankE• and as usual we write F• = F
vec
• ⊕F
tor
• .
Then
(T · 1E• , 1F•)G =
(
T · 1E• , v
〈Fvec• ,F
tor
• 〉par1Fvec• · 1Ftor•
)
G
= v〈F
vec
• ,F
tor
• 〉par
(
∆(T ) ⋆∆(1E•), 1Fvec• ⊗ 1Ftor•
)
G
= v〈F
vec
• ,F
tor
• 〉par
(
T · 1E• ⊗ 1 + 1E• ⊗ T, 1Fvec• ⊗ 1Ftor•
)
G
(2.9)
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where ⋆ denotes the twisted multiplication on H ⊗ H. The last equality holds since T is primitive, i.e.,
∆(T ) = T ⊗ 1 + 1⊗ T , for all T ∈ Prim and
∆(rE• ,d),(0,d′)(1E•) =
{
1E• ⊗ 1 if d = deg E• and d
′ = 0
0 otherwise
.
Similarly,
(2.10) v([T ],[E•])par(1E• · T, 1F•)G = v
〈Fvec• ,F
tor
• 〉par
(
1E• · T ⊗ 1 + 1E• ⊗ T, 1Fvec• ⊗ 1Ftor•
)
G
By assumption that F• is not a parabolic vector bundle, degF
tor
• 6= 0. (2.9) or (2.10) does not vanish if and
only if
degF tor• =

d deg(x)δ if T = Tx,d
dδ if T = Tp,d(0)
αp,i if T = Ip,1(i)
,
and in these cases, (2.9) and (2.10) coincide.

The Proposition 2.4 allows us to define an action
σ : Htor ⊗Hvec → Hvec
by simply extending the actions of generators linearly and multiplicatively.
2.4. The completion. We will now use the Harder-Narasimhan filtration (c.f. § 1.7) to define a completion
of the Hall algebras H and H ⊗H. The set of all isomorphism classes of parabolic coherent sheaves on X
can be stratified by all possible HN-types. For an HN-type α = (α1, . . . , αs), we denote by Sα the stratum of
HN-type α and set
1Sα =
∑
F•∈Sα
1F• .
If α = (α) for α ∈ K+, we simply set
1ssα = 1S(α) =
∑
F•∈ParCoh
µ(α)
α (X)
1F• .
Recall from § 2.1 that for any α ∈ K+ we define 1α =
∑
F•∈ParCohα(X)
1F• . By the uniqueness of HN
filtration (c.f. Proposition 1.6) of a given parabolic sheaf, we can easy deduce
Lemma 2.5. For any HN-type α = (α1, . . . , αs), we have
1Sα = v
∑
i<j〈αi,αj〉par1ssα1 · · ·1
ss
αs .
For any pair n ∈ Z, the Hall algebra
H≥n :=
⊕
F•∈ParCoh≥n(X)
C · 1F•
is naturally a subalgebra of H (but not a coalgebra). We set also
Hn =
⊕
F• /∈ParCoh≥n(X)
C · 1F• .
Then we have H = H≥n ⊕Hn. For any α ∈ K+, there is a surjective linear map of vector spaces jetn :
H[α]→ H≥n[α] = H≥n ∩H[α] which induces an isomorphism πn : H[α]/H
n[α]
∼
−→ H≥n[α]. The canonical
embedding Hm[α]→ Hn[α] for any m ≤ n induces a commutative diagram
H[α]/Hm[α]
πm
//

H≥m[α]
φm,n

H[α]/Hn[α]
πn
// H≥n[α]
.
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Obviously (H≥n[α], φm,n) forms a projective system and hence we can define
Ĥ[α] := lim
←−
n
H≥n[α].
By Lemma 1.8 (ii) each H≥n[α] is finite dimensional and since H[α] = ∪nH≥n[α], we may view Ĥ[α] as
the set of infinite sums
∑
F•
uF•1F• with uF• ∈ C, [F•] = α, i.e., Ĥ[α] = {f : ParCohα(X) → C} =∏
F•∈ParCohα(X)
C1F• as a vector space. Finally, we define
Ĥ :=
⊕
α∈K+
Ĥ[α].
Similarly, for α, β ∈ K+, the sequence of vector spaces (H≥n[α]⊗H≥m[β]) forms a projective system and we
put
Ĥ[α]⊗ Ĥ[β] := lim
←−
n,m
H≥n[α]⊗H≥m[β]
and
(Ĥ⊗̂Ĥ)[γ] :=
∏
α, β ∈ K+
α+ β = γ
Ĥ[α]⊗ Ĥ[β].
Finally, we define
Ĥ⊗̂Ĥ :=
⊕
γ∈K+
(Ĥ⊗̂Ĥ)[γ].
Proposition 2.6. [BS2, Sect. 2] In the notation as above the following hold:
(i) Ĥ and Ĥ⊗̂Ĥ are associative algebras.
(ii) For any α, β ∈ K+, we have ∆α,β(Ĥ[α+ β]) ⊂ Ĥ[α]⊗ Ĥ[β].
3. The spherical Hall algebra
In this section, we introduce a natural subalgebra U of H which is much easier to study than the whole
H. It is analogous to the “composition subalgebra” for Hall algebras of quivers. We will state some of its
properties and give a shuffle presentation, valid for any arbitrary curve X and any given parabolic datum
(S,w, a).
3.1. Harder-Narasimhan strata. For any α = (r,d) ∈ K+, we set
1r,d =
∑
F•∈ParCohr,d(X)
1F• ∈ Ĥ[(r,d)], 1
vec
r,d =
∑
E•∈ParBunr,d(X)
1E• ∈ Ĥ
vec[(r,d)].
We define U0 (resp. U>) to be the subalgebra of H generated by 10,d for (0,d) ∈ K+ (resp. by 1vec1,d for
(1,d) ∈ K+) and define U to be the subalgebra of H generated by U0 and U>. We call U the spherical Hall
algebra of X with the fixed parabolic datum (S,w, a). Note that 1vecr,d ∈ H and 10,d are given by finite sums,
so that there are no completions involved in the definition of U. However it makes sense to also consider the
completion Û of Ĥ defined as the closure of U in Ĥ with respect to the adic norm induced by the filtration
{H≥n}n of H. We will first show that
Theorem 3.1. For any α ∈ K+, we have 1ssα ∈ U.
Let us first prove the following:
Proposition 3.2. For any α ∈ K+, we have 1ssα ∈ Û.
Proof. By Reineke’s inversion formula (see [Rei]),
1ssα =
∑
β
(−1)s−1v
∑
i<j〈βi,βj〉par1β1 · · ·1βs
where the sum ranges over all tuples β = (β1, . . . , βs) of elements in K+ such that µ(
∑s
t=k βt) > µ(α) for
k = 2, . . . , s. The above sum converges in Ĥ. Since Û is a subalgebra of Ĥ, the proposition will be proved if
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we can show 1α ∈ Û for all α ∈ K+. Furthermore, any F• ∈ ParCohα(X) can be decomposed into a direct
sum of a parabolic vector bundle and a parabolic torsion. Thus
(3.1) 1r,d =
∑
(0,d′)∈K+,tor
v〈(r,d−d
′),(0,d′)〉par1vecr,d−d′10,d′ ,
and 10,d′ ∈ U for all (0,d′) ∈ K+,tor ([BS, Proposition 5.13]) and 1vecr,d = 0 if (r,d) /∈ K
+,vec, it suffices in
fact to prove that 1vecr,d ∈ Û for all (r,d) ∈ K
+,vec.
We will argue by induction on the rank r. The case r = 1 is obvious by definition. Let r > 1 and let us
assume the proposition holds for all r′ < r. We have to show that for any (r,d) ∈ K+,vecr and any n ∈ Z we
have
1vecr,d ∈ U+H
n.
Let us fix n and argue by induction on (r,d) ∈ K+,vecr with respect to the partial order (1.13). If (r,d) ∈
K+,vecr satisfies d0 < nr −
∑
p∈S(wp − 1)r, then any E• ∈ ParCohr,d(X) has parabolic degree < nr. Hence
E• /∈ ParCoh
n, i.e., 1r,d ∈ H
n. Let us fix some (r,d) ∈ K+,vecr and assume that (3.1) holds for all
(r,d′) < (r,d). We choose M < n −K where K = par degω• +
∑
p∈S(wp − 1) and let (1,d
′) ∈ K+,vec1 be
such that d′
0
=M and (r − 1,d− d′) ∈ K+,vecr−1 . Consider the product
1r−1,d−d′ · 1
vec
1,d′ =
∑
F•
cF•1F•
where
cF• = v
−〈(r−1,d−d′),(1,d′)〉par
∑
L•∈ParBun1,d′
#{L• →֒ F•}
#AutL•
= v−〈(r−1,d−d
′),(1,d′)〉par
∑
L•∈ParBun1,d′
#{L• →֒ F•}
v−2 − 1
Let us assume F• ∈ ParCoh
≥n(X). Then F• ∈ ParCoh
>M+K(X). Since par deg(L• ⊗ ω•) ≤ M + K, by
the Serre duality (1.2) and Proposition 1.6 (ii), we have ParExt(L•,F•) = ∅. Then
dimParHom(L•,F•) = 〈(1,d
′), (r,d)〉par .
Since any nonzero map from a parabolic line bundle into a parabolic vector bundle is an embedding, we
deduce
#{L• →֒ F•} = v
−2 dimParHom(L•,F•) − v−2 dimParHom(L•,F
tor
• )
and once the class of L• is fixed as (1,d
′), the above number depends only on the multi-degree of F tor• by
the Riemann-Roch (1.3). Hence there exist nonzero constants cd′′ for (0,d
′′) ∈ K+,tor such that
1r−1,d−d′ · 1
vec
1,d′′ ∈ c01
vec
r,d +
∑
d′′∈K+,tor
1vecr−1,d−d′′ · 10,d′′ +H
n.
We can rewrite above as
c01
vec
r,d ∈ 1r−1,d−d′ · 1
vec
1,d′ −
∑
cd′′1
vec
r,d−d′′ · 10,d′′ +H
n
and now by the induction hypothesis 1r−1,d−d′ ∈ Û and 1vecr,d−d′′ ∈ Û. Hence (3.1) holds.

By Proposition 3.2, there exists for all n an element vn ∈ H
n such that un := 1
ss
α + vn ∈ U. We may
further decompose vn =
∑
α vn,α according to the HN type α. The set of α for which vn,α is nonzero is a
finite set since vn ∈ H. For those α we have µ(α1) < n. In order to show that 1ssα actually belongs to U and
not only to Û, we need the following lemmas:
Lemma 3.3. There exists n≪ 0 such that for any HN-type α = (α1, . . . , αs) satisfying µ(α1) < n, we have
µ(αi+1)− µ(αi) > par degω• for some 1 ≤ i ≤ s.
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Proof. If par degω• ≤ 0, the statement is trivial. Suppose now par deg ω• > 0. Let α be as above.
We have par deg(α) = rank(α1)µ(α1) + · · · rank(αs)µ(αs), where α = α1 + · · · + αs. If µ(α1) < n and
µ(αi+1)− µ(αi) < par degω• for all i, then
par deg(α) < rank(α1)n+ rank(α2)(n+ par degω•)+
+ · · ·+ rank(αs)
(
n+ (s− 1) par degω•
)
= rank(α)n+
s∑
i=2
(i− 1) rank(αi) par degω•
< rank(α)
(
n+ (
rank(α)∑
k=1
k) par degω•
)
.
This is impossible for n sufficiently negative.

Lemma 3.4. Let F• ∈ ParCohα(X) be of HN type (α1, . . . , αs). Assume that µ(αi+1)− µ(αi) > par degω•
for some i. Then 1F• = m ◦∆β,γ(1F•) for β = α1 + · · ·+ αi and γ = αi+1 + · · ·+ αs.
Proof. Let F s• ⊂ · · · ⊂ F
1
• = F• be the HN filtration of F•. Since F
i+1
• ∈ ParCoh
≥µ(αi+1)(X) and
F•/F
i+1
• ∈ ParCoh
≤µ(αi)(X) while µ(αi+1)− µ(αi) > par degω•, we have
ParExt(F i+1• ,F•/F
i+1
• ) = ∅.
It follows that F• ≃ F i+1• ⊕ F•/F
i+1
• , Moreover, 1F•/Fi+1• · 1Fi+1• = v
−〈F•/F
i+1
• ,F
i+1
• 〉par1F• since there
is a unique subsheaf of F• isomorphic to F
i+1
• . Hence the Lemma will be proved once we can show that
∆β,γ(1F•) = v
〈F•/F
i+1
• ,F
i+1
• 〉par1
F•/F
i+1
•
⊗ 1
F
i+1
•
. However the last equation is a consequence of the same
fact that there exists a unique subsheaf of F• of class γ, i.e., F
i+1
• .

Proof of Theorem 3.1. Let us choose n ≪ 0 as in Lemma 3.3. Let A be the finite set of all α for which
vn,α is nonzero and let α
0 be such that HNP (α0) is the lower boundary of the convex hull of elements
of A. Thus HNP (α0) = ((0, 0), (rank(α01) par deg(α
0
1)), . . . , ((rank(α
0
s), par deg(α
0
s))) is also a convex path
in R2 of weight α. Moreover µ(α01) < ∞ so that the conclusion of Lemma 3.3 applies. Let i be such that
µ(α0i+1)−µ(α
0
i > par degω• and set β = α
0
1+ · · ·+α
0
i and γ = α
0
i+1+ · · ·+α
0
s. By Lemma 3.4, ∆β,γ(1F•) = 0
for all parabolic sheaves F• whose HN polygon does not lie below the segmant ((0, 0), (rank(β), par deg(β))).
This implies ∆β,γ(vn,α = 0 for all HN type α whose associated HN polygon does not pass through the point
(rank(β), par deg(β)). Furthermore, by Lemma 3.4 again, m ◦ ∆β,γ(vn,α) = vn,α for any HN type α whose
HN polygon does pass through (rank(β), par deg(β)). Hence
m ◦∆β,γ(un) = m ◦∆β,γ
(
1ssα +
∑
α
vn,α
)
=
∑
α∈Zβ
vn,α
where Zβ is the set of all HN types passing through (rank(β), par deg(β)). Since un ∈ U, which is stable
under the coproduct, we deduce that
∑
α∈Zβ
vn,α ∈ U. The same holds for u′n = 1
ss
α +
∑
α/∈Zβ
vn,α. Note
that u′n contains strictly fewer terms that un. Arguing as above repeatly and the Theorem 3.1 is proved.

By Lemma 2.5 and Theorem 3.1, we deduce
Corollary 3.5. For any HN type α, we have 1Sα ∈ U.
3.2. Hecke actions. The torsion part U0 of the spherical Hall algebra U has been studied in [BS, S2].
The aim of this paragraph is to determine the Hecke action of U0 on the subspace of rank one functions
U>[1] := U>∩H[1], whereH[1] :=
⊕
(1,d)∈K+,vec1
H[(1,d)]. For any sequence i = (ip)p∈S with 0 ≤ ip ≤ wp−1
for all p, we consider the elements T0,d(i) defined by the generating series
exp
(∑
d≥1
T0,d(i)
[d]v
zd
)
=
∏
x∈|X|\S
exp
(∑
n≥1
Tx,n
n
zndeg(x)
)
·
∏
p∈S
exp
( ∑
m≥1
Tp,m(ip)
m
zm
)
,
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where Tx,d, Tp,m(ip) are defined as in § 2.2 and
[s]v :=
v−s − vs
v−1 − v
is the q-integer. We define also the elements 10,d(i), θ0,d(i) by
1 +
∑
d≥1
10,d(i)z
d = exp
( ∑
m≥1
T0,m(i)
[m]v
zm
)
1 +
∑
d≥1
θ0,d(i)z
d = exp
(
(v−1 − v)
∑
m≥1
T0,m(i)z
m
).
Proposition 3.6. [BS, Proposition 5.13] U0 is generated by the elements {T0,d(0), Ip,1(ip) | d ∈ N∗, p ∈
S, 0 ≤ ip ≤ wp − 1} .
Corollary 3.7. U0 ∼= Λv ⊗U+v (ŝlwp1 )⊗ · · · ⊗U
+
v (ŝlwpN )
Alternatively, it will be useful to consider the following elements: for any subset S′ ⊆ S and (ip)p∈S\S′ ∈∏
p∈S\S′ Z/wpZ, we define the elements 1
S′
0,d, θ
S′
0,d, T
S′
0,d by the generating series
exp
(∑
d≥1
T S
′
0,d(i)
[d]v
zd
)
=
∏
x∈|X|\S
exp
(∑
n≥1
Tx,n
n
zndeg(x)
)
·
∏
p∈S\S′
exp
( ∑
m≥1
Tp,m(ip)
m
zm
)
,
1 +
∑
d≥1
1S
′
0,d(i)z
d = exp
( ∑
m≥1
T S
′
0,m(i)
[m]v
zm
)
1 +
∑
d≥1
θS
′
0,d(i)z
d = exp
(
(v−1 − v)
∑
m≥1
T S
′
0,m(i)z
m
)
.
Lemma 3.8. For any S′ ⊆ S, k ∈ N and d ∈ Z, one has
[
T S
′
0,k(0)
[k]v
,1vec1,dδ]v = v
k#(X \ S
′)(Fqk)
k
1vec1,(d+k)δ
Proof. Let us write
(3.2) [
T S
′
0,k(0)
[k]v
,1vec1,dδ]v =
∑
L•∈ParBun1,(d+k)δ(X)
cL•1L• .
By the definition of T S
′
0,k(0) we see that
cL• = v
k
∑
d|k
∑
x∈X\S′; deg(x)=d
d
k
∑
λ⊢ k
d
nvx(l(λ)− 1)
#ParHomsurj(L•,O
(λ)
x,• (0))
a
O
(λ)
x,•(0)
It is easy to see that there is no epicmorphism L• ։ O
(λ)
x,• (0) when l(λ) > 1. Thus (3.2) reduces to
cL• = v
k
∑
d|k
∑
x∈X\S′; deg(x)=d
d
k
#ParHomsurj(L•,O
(k
d
)
x,• (0))
a
O
( k
d
)
x,• (0)
= vk
∑
d|k
∑
x∈X\S′; deg(x)=d
d
k
v−2
k
d − v−2(
k
d
−1)
v−2
k
d − v−2(
k
d
−1)
=
vk
k
∑
d|k
∑
x∈X\S′; deg(x)=d
d
= vk
#(X \ S′)(Fqk )
k
.

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Lemma 3.9. For any p ∈ S, 0 ≤ i < wp and 0 < j < wp, we have the following relation:
̟
(
Ip,j(i)1
vec
1,d
)
=
{
v1vec
1,d+
∑j−1
s=0 αp,i+s
if mdp + j − i ∈ wpZ
0 otherwise
.
Proof. It follows from Lemma A.1, see Appendix A. 
Lemma 3.10. For any (1,d) ∈ K+,vec1 , p ∈ S, 0 ≤ i < wp such that i 6= m
d
p and any n ≥ 0, we have
̟
(
Ip,n(i)1
vec
1,d
)
= 0.
Proof. By tensoring with a parabolic line bundle, we may assume that d = 0. Then the Lemma is equivalent
to show that there is no extension of O• by O
(nwp)
p,• (iǫp) belongs to ParBun(X). Let F• be an extension of
O• by O
(nwp)
p,• (iǫp) as:
· · · //

O //

O //

· · · //

O //

O(p)

· · · //

F(j−1)ǫp
gj
//

Fjǫp
//

· · · //

F(wp−1)ǫp
//

F0(p)

· · · // O
(n)
p
fj
// O
(n)
p
// · · · // O
(n)
p
// O
(n)
p
where j = wp− i and all the maps but fj+swp in the lower sequence are identity maps and fj+swp is nilpotent
for all s ∈ Z. Note that by assumption i 6= 0. Since fj is nilpotent, we have F(j−1)ǫp ≇ Fjǫp . But they have
the same degree and rank. Hence at least one of them is not a vector bundle. It implies F• is not a parabolic
vector bundle. 
Corollary 3.11. For any p ∈ S, n ∈ N, 0 ≤ i < wp and 0 ≤ rp ≤ wp − 1,
̟
(
Ip,nwp+rp(i)1
vec
1,d
)
=
{
vn+(1−δrp,0)1vec
1,d+nδ+
∑rp−1
s=0 αp,i+s
if mdp + rp − i ∈ wpZ
0 otherwise
.
Proof. Let us first suppose that rp = 0. By Lemma 3.10, we may assume that m
d
p = i = 0. Let us write
̟
(
Ip,nwp(0)1
vec
1,d
)
=
∑
L•∈ParBun1,d+nδ
cL•1L•
and the coefficient cL• is given by
cL• = v
−〈(0,nδ),(1,d)〉par
#ParHomsurj(L•,O
(nwp)
p,• (0))
a
O
(nwp)
p,• (0)
= vn
v−2n − v−2(n−1)
v−2n − v−2(n−1)
= vn.
Hence, for i = mdp , we have
̟
(
Ip,nwp(i)1
vec
1,d
)
= vn1vec1,d+nδ.
Now let us assume that rp 6= 0. By Lemma 2.3 (i), we have
̟
(
Ip,nwp+rp(i)1
vec
1,d
)
= ̟
(
Ip,nwp(i)Ip,rp(i)1
vec
1,d − v
2Ip,rp(i)Ip,nwp(i)1
vec
1,d
)
= ̟
(
Ip,nwp(i)Ip,rp(i)1
vec
1,d
)
− v2̟
(
Ip,rp(i)Ip,nwp(i)1
vec
1,d
)
.
(3.3)
The second term of the last equality is always zero by Lemma 3.9 and 3.10 and the first one does not vanish
only if the condition mdp + rp − i ∈ wpZ is satisfied by Lemma 3.9. Hence (3.3) becomes
̟
(
Ip,nwp+rp(i)1
vec
1,d
)
= v̟
(
Ip,nwp(i)1
vec
1,d+
∑rp−1
s=0 αp,i+s
)
= vn+11vec
1,d+nδ+
∑rp−1
s=0 αp,i+s
.

Remark. Similar to the first part of the proof above, we have
̟
(
1x,(n)1
vec
1,d
)
= vndeg(x)1vec1,d+ndeg(x)δ
22 JYUN-AO LIN
for any x ∈ |X | \ S and n ∈ N∗.
Consequencely, it easy to see that the Hecke action of the subalgebra U+v (ŝlwp1 ) ⊗ · · · ⊗ U
+
v (ŝlwpN ) of
U0 on U>[1] is the restriction of the quantum affine algebra Uv(ŝlwp1 ) ⊗ · · · ⊗ Uv(ŝlwpN )’s action on the
affine extremal weight module V (̟p1,1)⊗· · ·⊗V (̟pN ,1) of extremal weight (̟p1,1, . . . , ̟pN ,1), where ̟pi,1’s
are the fundamental weights of the corresponding quantum affine algebras Uv(ŝlwi) (c.f. [Kash, Section 5]
for instance). Moreover, as an Uv(ŝlwp1 ) ⊗ · · · ⊗ Uv(ŝlwpN )-module, it is irreducible and admits a global
base ([Kash, Proposition 5.16]). To be more precisely, for any p ∈ S, let us set Vp =
⊕wp−1
i=0 Cvp,i and let
v
(i)
p = vp,0 + vp,1 + · · · vp,i. Let
V := C[z±]⊗
⊗
p∈S
Vp.
Identify U>[1] with V as vector spaces via the assignment
1vec1,d 7→ z
d0 ⊗ v
(mdp1 )
p1 ⊗ · · · ⊗ v
(mdpN
)
pN ,
we may write
zd ⊗ v
(mp1+np1wp1)
p1 ⊗ · · · ⊗ v
(mpN+npNwpN )
pN = z
d+
∑
p∈S np ⊗ v
(mp1)
p1 ⊗ · · · ⊗ v
(mpN )
pN .
Then the Hecke action of U0 on U>[1] can be described as
Ipi,1(j) • z
dv
(mp1)
p1 · · · v
(mpN )
pN =
{
vzdv
(mp1)
p1 · · · v
(mpi+1)
pi · · · v
(mpN )
pN if j ≡ mpi + 1 mod wpi
0 otherwise
,
T0,d′(i) • z
dv
(mp1)
p1 · · · v
(mpN )
pN =
 v
d′#X(F
qd
′ )[d′]v
d′ z
d+d′v
(mp1 )
p1 · · · v
(mpN )
pN if ip = mp ∀p ∈ S
0 otherwise
,
(3.4)
3.3. Spherical subalgebra of parabolic bundles. The rest of this section is devoted to investigate the
structure of U>. Let us begin with a couple of lemmas.
Proposition 3.12.
∆(1vec1,d) = 1
vec
1,d ⊗ 1 +
∑
(0,d′)∈K+,tor
θ
md
0,d′ ⊗ 1
vec
1,d−d′ .
where the non-vanished summands are (0,d′) such that d′ = d′δ +
∑
p∈S
∑
0≤i<rp
αp,mdp+i for d
′ ≥ 0 and
0 ≤ rp < wp for all p ∈ S and
θ
md
0,d′ =
∑
S′=S′1⊔S
′
2
( ∏
p∈S′2
(
− vIp,rp(m
d
p )
)
× θ0,d′(m
d)×
∏
p′∈S′1
(
v−1Ip′,rp′ (m
d
p′)
))
.
Proof. We may assume first that d = 0. Let T• ∈ ParTor(X) and L• ∈ ParPic(X). It is easy to see that
∆(1vec1,0 )(L•,T•) =
{
1 if T• = 0 and L• ∈ ParBun1,0(X)
0 otherwise
.
While
∆(1vec1,0 )(T•,L•) = v
−〈[T•],[L•]〉par
∑
L ′•∈ParBun1,0(X)
P
L
′
•
T•,L•
aL ′•aT•
aL•
.
Note that for any N ∈ Pic0(X) we have N ⊗T• ≃ T•. Hence∑
L ′•∈ParBun1,0(X)
P
L
′
•
T•,L•
=
∑
L ′•∈ParBun1,0(X)
P
L
′
•⊗N
T•,L•⊗N
=
∑
L ′•∈ParBun1,0(X)
P
L
′
•
T•,L•⊗N
Thus ∆(1vec1,0 )(T•,L•) depends only on the class of L• in K
+ and we may write
∆(1vec1,0 ) = 1
vec
1,0 ⊗ 1 +
∑
(0,d) ∈ K+,tor
(1,−d) ∈ K+,vec1
θ0,d ⊗ 1
vec
1,−d.
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Notice that in this case, we always have d = dδ +
∑
p∈S
∑
0≤i<rp
αp,i for some 0 ≤ rp < wp. It remains to
determine θ0,d explicitly.
Let us fix d = dδ +
∑
p∈S
∑
0≤i<rp
αp,i and let L
′
• ∈ ParBun1,0(X). Any corresponding torsion quotient
T• of L• is of the form
(3.5) T• ≃
⊕
x∈|X|\S
O
(nx)
x,• ⊕
⊕
p∈S
O
(npwp+rp)
p,• (0)
for some nonnegative integers (nx)x∈|X|\S and (np, rp)p∈S with
∑
x∈|X|\S nx deg(x) +
∑
p∈S np = d and
0 ≤ rp < wp for all p ∈ S. We agree that O
(0)
x,• = 0. We set S
′ = {p ∈ S | rp 6= 0} ⊂ S. For such T• as (3.5),
P
L
′
•
T•,L•
is nonzero only if L• ∈ ParBun1,−d(X). Arguing as above, we have that
∑
L•∈ParBun1,−d](X)
P
L
′
•
T•,L•
is independent of the choice of L ′• ∈ ParBun1,0(X). But then∑
L•∈ParBun1,−d(X)
P
L
′
•
T•,L•
=
1
#Pic0(X)
∑
L•,L ′•
P
L
′
•
T•,L•
=
∑
L ′•
P
L
′
•
T•,L•
.
Therefore
∆(1vec1,0 )(T•,L•) = v
−〈[T•],[L•]〉par
∑
L ′•∈ParBun1,0(X)
P
L
′
•
T•,L•
aL•aT•
aL ′•
= v−〈[T•],[L•]〉parPO•
T•,L•
aT•
= v−〈[T•],[L•]〉par#ParHomsurj(O•,T•).
Note that a morphism O• → T• is surjective if and only if all its components are surjectives. By the
adjointness of (−)• and (−)0, we have
#ParHomsurj(O•,O
(nx)
x,• ) = #Hom
surj(OX ,O
(nx)
X,x ) = q
deg(x)nx − qdeg(x)(nx−1)
for nx 6= 0, x ∈ |X | \ (S \ S′) and similarly for p ∈ S′
#ParHom(O•,O
(npwp+rp)
p,• (0)) = #Hom
surj(OX ,O
(np+1)
X,p ) = q
np+1 − qnp .
Moreover, 〈[T•], [L•]〉par = −〈[L ′•], [T•]〉par = −
∑
x∈|X| nx deg(x)−#S
′. We have
θ
0
0,d = v
−
∑
x∈|X| nx deg(x)−#S
′∑
n
cn
∏
x∈|X|\S
1x,(nx) ×
∏
p∈S\S′
Ip,npwp(0)×
∏
p∈S′
Ip,npwp+rp(0)(3.6)
where cn =
∏
x∈|X|,nx 6=0
(1 − v2 deg(x)) and the sum is taken over all decomposition types (3.5) such that∑
x∈|X| nx deg(x) = d. Using Lemma 2.3 (i) and (3.6), we may rewrite above as
θ
0
0,d = v
−d−#S′
∑
cn
cn
∏
x∈|X|\S
1x,nx ×
∏
y∈S\S′
Iy,nywy (0)×
∏
p∈S′
(
Ip,npwp(0) · Ip,rp(0)− v
2Ip,rp(0)Ip,npwp(0)
)
=
∑
S′=S′1⊔S
′
2
∏
p∈S′2
(
− vIp,rp(0)
)
×
(
v−d
∑
n
cn
∏
x∈|X|\S
1x,nx ×
∏
y∈S
Iy,nywy (0)
)
×
∏
p′∈S′1
(
v−1Ip′,rp′ (0)
)
=
∑
S′=S′1⊔S
′
2
( ∏
p∈S′2
(
− vIp,rp(0)
)
× θ0,d(0)×
∏
p′∈S′1
(
v−1Ip′,rp′ (0)
))
In general, for any (1,d) ∈ K+,vec1 , the possible d
′ such that (0,d′) ∈ K+,tor, (1,d− d′) ∈ K+,vec1 is of the
form d = d′δ +
∑
p∈S
∑
0≤i<rp
αp,mdp+i for some 0 ≤ rp < wp and in this case
(3.7) θ
md
0,d′ =
∑
S′=S′1⊔S
′
2
( ∏
p∈S′2
(
− vIp,rp(m
d
p )
)
× θ0,d′(m
d)×
∏
p′∈S′1
(
v−1Ip′,rp′ (m
d
p′)
))

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To compute the ̟
(
θ
i
0,d′1
vec
1,d
)
, using the expression (3.6) and by Corollary 3.11, we have
̟
(
θ
i
0,d′1
vec
1,d
)
= v−
∑
x∈|X| nx deg(x)−#S
′∑
n
cn̟
( ∏
x∈|X|\S
1x,(nx) ×
∏
p∈S\S′
Ip,npwp(ip)×
∏
p∈S′
Ip,npwp+r′p(ip)1
vec
1,d
)
= v−
∑
p∈S np−#S
′∑
n
cn
( ∏
p∈S\S′
(δip,mdp v)
np
∏
p∈S′
(δip−r′p,mdp
v)np+1
)
1vec1,d+d′
=
∑
n
cn
∏
p∈S\S′
(δip,mdp )
np
∏
p∈S′
(δip−r′p,mdp
)np+11vec1,d+d′
(3.8)
where the sums are taken over all n such that
∑
x∈|X| nx deg(x) = d
′ and cn =
∏
x∈|X|,nx 6=0
(1 − v2 deg(x)) as
in the proof of Proposition 3.12 and ip − r′p is known as the residue of ip − r
′
p modulo wp. Let us do a little
bit more on (3.8) ∑
S′′⊆S\S′
( ∑
n; np=0 ∀p∈S′′
cn
∏
p∈S\(S′⊔S′′)
(δip,mdp )
np
∏
p∈S′
δip−r′p,mdp
+
∑
n; np 6=0 ∀p∈S′
cn
∏
p∈S\(S′⊔S′′)
(δip,mdp )
np
∏
p∈S′⊔S′′
δip−r′p,mdp
)
1vec1,d+d′
(3.9)
and write
ξS
′′
d′ =
∑
n; np=0, ∀p∈S′′
cn.
Then we have
Lemma 3.13. For any (1,d) ∈ K+,vec1 , (0,d
′) ∈ K+,tor with d′ = d′δ +
∑
p∈S
∑
0≤i<r′p
αp,ip+i for some
i = (ip)p∈S ∈
∏
p∈S Z/wpZ,
̟
(
θ
i
0,d′1
vec
1,d
)
=
{
ξS
′′
d′′ 1
vec
1,d+d′ if (1,d+ d
′) ∈ K+,vec1
0 otherwise
where S′′ = {p ∈ S | r′p = 0, m
d
p − ip /∈ wpZ}.
Proof. The condition (1,d+ d′) ∈ K+,vec1 is equivalent to m
d
p + r
′
p − ip ∈ wpZ for all p ∈ S such that r
′
p 6= 0.
If S′′ = ∅, then the Lemma follows by (3.8). Otherwise, in (3.9) the only summand does not vanish is the
first term of S′′ = {p ∈ S | r′p = 0, m
d
p − ip /∈ wpZ}. Hence the Lemma follows. 
Moreover, we have
Lemma 3.14. As a series in C[[z]], we have∑
d′≥0
ξS
′′
d′ z
d′ =
ζX\S′′(z)
ζX\S′′(v2z)
Proof. It is easy to see that ̟
(
θS
′′
0,d′(0)1
vec
1,dδ
)
= ξS
′′
d′ 1
vec
1,(d+d′)δ. By Lemma 3.8 and the definition of θ
S′′
0,d′ , we
have ∑
d′≥0
ξS
′′
0,d′z
d′ = exp
(
(v−1 − v)
∑
d≥1
#(X \ S′′)(Fqd)
[d′]vv
d′
d′
zd
′
)
= exp
(∑
d≥1
#(X \ S′′)(Fqd)(1− v
2d′)
zd
′
d′
)
=
ζX\S′′ (z)
ζX\S′′(v2z)
.

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As in [SV2], we introduce the so-called constant term map as follows. For r ≥ 1, let
H[r] :=
⊕
(r,d)∈K+ H[(r,d)], U
>[r] := U ∩H[r]
and we set
Jr : U
>[r]→ U>[1]⊗̂ · · · ⊗̂U>[1]
u 7→
(
̟ ⊗ · · · ⊗̟
)
∆˜1,...,1(u)
where ∆˜1,...,1 is the iterated coproduct (∆˜1,1 ⊗ Id ⊗ · · · ⊗ Id) ◦ · · · ◦ (∆˜1,1 ⊗ Id) ◦ ∆˜1,1 of the component
∆˜1,1 =
∑
d,d′ ∆˜(1,d),(1,d′) of the (extended) coproduct ∆˜. We denote by J : U
> →
⊕
r≥0
(
U>[1]
)⊗̂r
the sum
of the maps Jr. Writing
J(u) =
∑
L 1• ,...,L
r
•
u
(
L
1
• , . . . ,L
r
•
)
1L 1• ⊗ · · · ⊗ 1L r•
we have
(3.10) u
(
L
1
• , . . . ,L
r
•
)
=
1
(q − 1)r
(
Jr(u), 1L 1• ⊗ · · · ⊗ 1L r•
)
G
=
1
(q − 1)r
(
u, 1L 1• · · · 1L r•
)
G
which coincides with the standard notion of constant term in the theory of automorphic forms. Since the
image of Jr lies in (U
>[1])⊗̂r and U>[1] =
⊕
(1,d)∈K+,vec1
1vec1,d, the function u
(
L 1• , . . . ,L
r
•
)
only depends on
the respective multi-degree d1, . . . ,dr of the parabolic line bundles L
1
• , . . . ,L
r
• .
Lemma 3.15. The constant term map J : U> →
⊕
r
(
U>[1]
)⊗̂r
is injective.
Proof. Let u ∈ U>[r] be in the kernel of Jr. By (3.10) we have (u, 1L 1• · · · 1L r• )G = 0 for all r-tuple of parabolic
line bundles (L 1• , . . . ,L
r
• ). In particular, (u,1
vec
1,d1 · · ·1
vec
1,dr)G = 0 for all sequence (d
1, . . . ,dr) ∈ (K+,vec1 )
r.
Since U> is generated by the elements 1vec1,d, we have (u,U
>)G = 0. But the restriction of ( , )G to U
> is
non-degenerate. Therefore u = 0. 
3.4. Shuffle-like algebra. Let Sr be the symmetric group on r letters. For w ∈ Sr, v = v1⊗· · ·⊗vr ∈ V ⊗r
for some finite dimensional vector space V and P (z1, . . . , zr) a function in r variables, we set w(v) = (vw(1)⊗
· · · ⊗ vw(r)) and wP (z1, . . . , zr) = P (zw(1), . . . , zw(r)). Let
Shr,s = {w ∈ Sr+s | w(i) < w(j) if 1 ≤ i < j ≤ r or r < i < j ≤ r + s}
be the set of (r, s)-shuffles, i.e., the set of minimal length representatives of the left cosets in Sr+s/Sr ×Ss.
For any w ∈ Shr,s, we write
Iw = {(i, j) | 1 ≤ i < j ≤ r + s, w
−1(i) > r ≥ w−1(j)}.
Recall from § 3.2 that we may identify U>[1] with V = C[z±1]⊗
⊗
p∈S Vp via the assignment
1vec1,d 7→ z
d0 ⊗ v
(mdp1)
p1 ⊗ · · · ⊗ v
(mdpN
)
pN , (1,d) ∈ K
+,vec
1 .
Thus we have (
U>[1]
)⊗̂r
≃ C[z±11 , . . . , z
±1
r ][[z1/z2, . . . , zr−1/zr]]⊗
⊗
p∈S
V ⊗rp =: V
⊗̂r.
Let h(z) ∈ C(z) be a fixed rational function. We define a linear oeprator Γh(z/z′) : V ⊗ V → V ⊗̂V by
Γh(z/z
′)
(
(p(z)⊗ v(i1)p1 ⊗ · · · ⊗ v
(iN )
pN )⊗ (q(z
′)⊗ v(j1)p1 ⊗ · · · ⊗ v
(jN )
pN
)
=
∑
S′⊆S
h(z/z′)
( 1− z/z′
1− v2z/z′
v
)#S′
((p(z)⊗ v
(i′1)
p1 ⊗ · · · ⊗ v
(i′N )
pN )⊗ (q(z
′)⊗ v
(j′1)
p1 ⊗ · · · ⊗ v
(j′N )
pN )
(3.11)
where, in each summand,
i′p =
{
ip + jp − ip if p ∈ S \ S
′
ip if p /∈ S \ S′
, j′p =
{
jp − jp − ip if p ∈ S \ S
′
jp if p /∈ S \ S′
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and the jp − ip is known as the residue of jp − ip modulo wp.
We define an associative algebra Shh(z)(V ) as follows: Shh(z)(V ) is isomorphic, as a vector space, to⊕
r≥0 V
⊗̂r. The product is defined on Shh(z)(V ) by:
P (z1, . . . , zr)⊗ v ⋆ Q(z1, . . . , zs)⊗ w =
∑
σ∈Shr,s
−→∏
(i,j)∈Iσ
Γijh (zi/zj)σ
(
P (z1, . . . , zr)Q(zr+1, . . . , zr+s)⊗ v ⊗ w
)
where, Γi,jh (zi/zj) is known as acting on the pair of ith and jth compononts, the oriented product is with
respect to the lexicographical order on the pairs (i, j) and the rational functions h(zi/zj)
( 1−zi/zj
1−v2zi/zj
v
)#S′
are
developed as Laurent series in z1/z2, . . . , zr−1/zr. We equip also Shh(z)(V ) with a coproduct ∆ : Shh(z)(V )→
Shh(z)(V )⊗̂Shh(z)(V ) defined by
∆s,t([v1 · · · vr]) = [v1 · · · vs]⊗ [vs+1 · · · vs+t], ∆ =
⊕
r=s+t∆s,t.
where we denote by [v1 · · · vs] the element v1 ⊗ · · · ⊗ vs in V ⊗̂s. Let Sh(z) be the subalgebra of Shh(z)(V )
generated by V .
Theorem 3.16. Set hX(z) = v
2g−2 ζX (z)
ζx(v2z)
. Then the constant term map J : U> → ShhX(z)(V ) is an algebra
morphism such that J(U>) ≃ ShX(z). Moreover we have
(3.12) (Js ⊗ Jt) ◦ (̟ ⊗̟) ◦ ∆˜s,t = ∆s,t ◦ Jr, r = s+ t.
Proof. Since U> is generated by U>[1], it is enough to show that, for any tuple ((1,d1), . . . , (1,dr)) ∈
(K+,vec1 )
r, we have
Jr(1
vec
1,d1 · · ·1
vec
1,dr) = J1(1
vec
1,d1) ⋆ · · · ⋆ J1(1
vec
1,dr).
Let us first compute explicitly the J2. Let (1,d
1) = (1, d1,m
1), (1,d2) = (1, d2,m
2) ∈ K+,vec1 , we have
J2(1
vec
1,d11
vec
1,d2) = ̟
⊗2
(
∆˜1,1(1
vec
1,d11
vec
1,d2)
)
= ̟⊗2
( ∑
σ∈S2
∆˜δσ(1)(1
vec
1,d1)∆˜δσ(2)(1
vec
1,d2)
)
(3.13)
where we denote by (δ1, δ2) the standard basis of Z
2 and the second equality we have made use of that ∆˜ is
a morphism of algebras. By the Proposition 3.12, we have
∆˜δk+1(1
vec
1,d) =
∑
(0,d1),...,(0,dk)∈K+,tor
(
θ
md
0,d1
κ1,d−d1⊗· · ·⊗θ
m
d−
∑k−1
j=1
dj
0,dk
κ1,d−
∑
k
j=1 dj
⊗1vec
1,d−
∑
k
j=1 dj
⊗1⊗· · ·⊗1
)
.
Thus (3.13) becomes
(3.14) 1vec1,d1 ⊗ 1
vec
1,d2 +̟
⊗2
( ∑
(0,d)∈K+,tor
θ
md1
0,d κ1,d1−d1
vec
1,d2 ⊗ 1
vec
1,d1−d
)
The summand will not vanish under ̟⊗2 if and only if both (1,d1 − d) and (1,d2 + d) belong to K+,vec1 , or
equivalently, d is of the forms d0δ +
∑
p∈S
∑
0≤i<rp
αp,md1p +i
with d0 ≥ 0 and
rp =
{
md
1
p −m
d
2
p if m
d
1
p ≥ m
d
2
p
wp +m
d
1
p −m
d
2
p if m
d
1
p < m
d
2
p
or 0.
Therefore, for such a d, let us write
Sd
1,d2 = {p ∈ S | md
1
p 6= m
d
2
p } ⊇ S
d
1,d2
d
= {p ∈ Sd
1,d2 | rp = 0}.
We have
(1,d1 − d) = (1,d1 − d0δ −
∑
p∈S\Sd
1,d2
d
∑
0≤i<rp
αp,md1p +i
),
(1,d2 + d) = (1,d2 + d0δ +
∑
p∈S\Sd
1,d2
d
∑
0≤i<rp
αp,md1p +i
)
and by Riemann-Roch
((1,d1 − d), (1,d2))par = 2(1− g)−#S
d
1,d2
d
.
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Therefore the second term of (3.14) becomes
(3.15) v2g−2
∑
d0≥0
∑
S′⊆Sd1,d2
v#S
′
ξS
′
d0
1vec1,d2+d0δ+
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
⊗ 1vec1,d1−d0δ−
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
.
We introduce the automorphism γd of U>[1] for all d ∈ Z by γd(1vec1,d) = 1
vec
1,d+dδ. Then we can rewrite (3.15)
as
v2g−2
∑
S′⊆Sd1,d2
∑
d0≥0
ξS
′
d0
(
γ1
γ2
)d0v#S
′
1vec1,d2+
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
⊗ 1vec1,d1−
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
= v2g−2
∑
S′⊆Sd1,d2
ζX\S′(
γ1
γ2
)
ζX\S′(v2
γ1
γ2
)
v#S
′
1vec1,d2+
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
⊗ 1vec1,d1−
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
.
(3.16)
Put
hX\S′(z) = v
2g−2 ζX\S′(z)
ζX\S′(v2z)
,
and using ζX\S′(z) = ζX(z)(1− z)
#S′ , we have
(3.17) hX\S′(z) = hX(z) ·
( 1− z
1− v2z
)#S′
.
Then (3.14) becomes
1vec1,d1 ⊗ 1
vec
1,d2 +
∑
S′⊆Sd1,d2
hX\S′(
γ1
γ2
)v#S
′
1vec1,d2+
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
⊗ 1vec1,d1−
∑
p∈S\S′
∑
0≤i<rp
α
p,md
1
p +i
.
= 1vec1,d1 ⊗ 1
vec
1,d2 + Γ
1,2
hX
(
γ1
γ2
) · 1vec1,d2 ⊗ 1
vec
1,d1
We can easily deduce from the above computations that
Jr(1
vec
1,d1 · · ·1
vec
1,dr) =
∑
σ∈Sr
−→∏
(i,j)∈Iσ
Γi,jhX (
γi
γj
)1vec1,dσ(1) ⊗ · · · ⊗ 1
vec
1,dσ(r)
= J1(1
vec
1,d1) ⋆ · · · ⋆ J1(1
vec
1,dr).
where the oriented product is with respect to the lexicographical order.
To check the equation (3.12), by coassociativity of the Hall comultiplication ∆˜, we have
∆s,t ◦ Jr = (̟
⊗s ⊗̟⊗t) ◦ ∆˜(1s),(1t) ◦ ∆˜s,t
= (̟⊗s ⊗̟⊗t) ◦ ∆˜(1s),(1t) ◦ (̟ ⊗̟) ◦ ∆˜s,t
= (Js ⊗ Jt) ◦ (̟ ⊗̟) ◦ ∆˜s,t.

3.5. The generic form. Finally, for any fixed smooth projective curve X , observe that the spherical Hall
algebra UX := U depends only on the genus g, the Weil numbers α1, . . . , α2g of X and the fixed parabolic
datum (S,w, a). Therefore it possesses a generic form in the following sense. Let us fix g ≥ 0 and consider
the torus
Tg = {(η1, . . . , η2g) ∈ (C
×)2g | η2i−1η2i = η2j−1η2j , ∀i, j}.
The Weyl group
Wg = Sg ⋊ (S2)
g
naturally acts on Tg and the collection (α1, . . . , α2g) defines a canonical element αX in the quotient Tg(C)/Wg.
Let Rg = Q[Tg]
Wg and Kg be its localization at the multiplicative set generated by {qs − 1 | s ≥ 1} where by
definition q(α1, . . . , α2g) = α2i−1α2i for any 1 ≤ i ≤ g. For any choice of smooth projective curve X of genus g
there is a natural mapKg → C, f 7→ f(αX). We define, using the construction of Shh(t)(V ), theKg-algebra
U>Kg . Note that U
0 has an obvious generic form U0Kg (c.f. [Lu]). We can define also UKg = U
>
Kg
⊗U0Kg . The
(twisted) bialgebra structure and Green’s scalar product both depend polynomially on the {α1, . . . , α2g} and
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hence may be defined overKg. LetU
>
Rg
be the Rg-subalgebra of U
>
Kg
generated by Rg[z
±1]⊗
⊗
p∈S Vp ⊂ U
>
Kg
.
By construction, U>Rg is a torsion-free integral form of U
>
Kg
in the sense that U>Rg ⊗Rg Kg = U
>
Kg
. Moreover,
there exists a specialization map
U>Rg → U
>
X ,
to a fixed curve X of genus g. To summarize, Theorems 3.1 and 3.16 imply
Corollary 3.17. There exists a (twisted) Hopf Rg-algebra URg equipped with a Hopf pairing
( , )G : URg ⊗URg → Kg
generated by the elements 10,d,Rg ,1
vec
1,e,Rg
, (0,d) ∈ K+,tor, (1, e) ∈ K+,vec1 , containing elements 1Sα,Rg for any
HN strata Sα and having the following property: for any smooth connected projective curve X of genus g
defined over a finite field k there is a specialization morphism of (twisted) Hopf algebras
ΥX : URg ⊗Rg C։ UX
such that
ΥX(1Sα,Rg ) = 1Sα
for any HN stratum Sα.
An immediate application of Corollary 3.17 is the following theorem by Shiffmann:
Corollary 3.18. [S5, Theorem 7.1] For any fixed genus g, any positive integer N > 0, any collection of
positive integers w = (w1, . . . , wN ) and any tuple α = (r,d) ∈ K+,vecr , there exists a unique polynomial
Ag,w,α ∈ Kg such that for any smooth projective curve X of genus g defined over a finite field, for any divisor
D =
∑
iwipi with pi ∈ X(Fq) we have
(3.18) Ag,w,α(σX) = Aα(X),
where Aα(X) denotes the number of isomorphism classes of absolutely indecomposable vector bundles over X
of rank r with w-step quasi-parabolic structure over p1, . . . , pN and of multi-degree d.
3.6. Remarks on counting stable parabolic Higgs bundles. The proof of Schiffmann’s Theorem goes
through the same lines in [S5, Sect. 4.5]. One can go further to extend the Theroem in [S5] to the parabolic
cases by using Mozgovoy-Schiffmann’s method in [MSch]. Namely,
Theorem 3.19. Let ParHiggsss,vecr,d (X) be the moduli space of stable parabolic Higgs bundles of class (r,d)
over X with (r,d) generic. Then
(3.19) Ag,w,r,d(σX)(q) = v
dimParHiggsss,vec
r,d
(X)#ParHiggsss,vecr,d (X)(Fq).
However, a more general result has recently been provided in [DGT, Theorem 1.4.5]. We only sketch the
approach following [MSch] for our cases:
(1) Since we feel more comfortable in an abelian category rather than exact one. Using the reformulation
of [GK], we define a parabolic Higgs sheaf to be a pair F = (F , θ) with F ∈ ParCoh(X) and
θ ∈ ParHom(F ,F ⊗ω•). Let ParHiggs(X) be the category of parabolic Higgs sheaves over X . Then
the category ParHiggs(X) is abelian and 2-Calabi-Yau (the Serre duality can be found in [Yo]). We
can use the slope function µ(F ) = par degFrankF to define (semi-)stable objects in ParHiggs(X).
(2) Simple computation by using the Riemann-Roch (1.3) and long exact sequence in [GK, Theorem
4.1] implies that the Euler form χ on ParHiggs(X) is symmetric. Therefore the quantum torus
T = Q(v−1)[K0(ParHiggs(X))] equipped with the product
eα ◦ eβ = (−v−1)χ(α,β)−χ(β,α)eα+β
is then commutative. Moreover, the integration map
∫
: HParHiggs(X) → T by sending 1F 7→
(−v−1)χ(F ,F) e
[F]
#AutF
will preserve the product of characteristic functions on semi-stable objects
of decreasing slopes in the Hall algebra HParHiggs(X) inside the quantum torus T. Therefore the
uniqueness of Harder-Narasimhan filtration of a given parabolic Higgs bundle does imply the wall-
crossing formula in this case. Note that the argument above will only make sense if we choose a
suitable truncation using HN filtration as we did in § 3.1.
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(3) The dimension reduction in our case follows with the same lines as in proof of [MSch, Theorem 4.6]
and it shows that the number of points of the truncated substack is given by
v− dimParHiggs
ss,vec,≥0
r,d
(X)A≥0g,w,r,d(σX)(Fq),
the number of absolutely indecomposable parabolic bundles of rank r and multi-degree d on X over
Fq. Twisting with a parabolic line bundle L of sufficient large multi-degree d
′, Lemma 3.4 implies
that
A≥0g,w,r,d+d′(σX)(Fq) = Ag,w,r,d+d′(σX)(Fq).
Finally, using ParHiggsss,vecr,d (X) = ParHiggs
ss,vec
r,d+rd′δ(X), we have Theorem 3.19.
Remarks.
(1) Theorem 3.19 may be generalized to more general twisted parabolic Higgs sheaves (in which the Euler
form does not vanish) by using the Harder-Narasimhan recursion, c.f. [MSch, Section 7].
(2) It involves more complicated computations to obtain an explicit formula for the Kac polynomials
Ag,w,r,d of orbiford curves and it will be the subject in the companion paper.
Appendix A. Proof of Lemma 3.9
We prove the following Lemma insteaded:
Lemma A.1. For any p ∈ S, 0 ≤ i < wp and 0 < j < wp, we have
(A.1) Ip,j(i)1
vec
1,0 =

1vec1,0Ip,j(i) if i > j
v−11vec1,0Ip,j(0) if i = 0
v1vec1,0Ip,j(i) + v1
vec
1,αp,1+···+αp,i if i = j
1vec1,0Ip,j(i) + (v
−1 − v)1vec1,αp,1+···+αp,iIp,j−i(0) if 0 < i < j
.
Proof. Let us first suppose that j = 1. If i 6= 0, 1, we have
〈O•,O
(1)
p,•(iǫp)〉par = 〈O
(1)
p,•(iǫp),O•〉par = 0
ParHom(O•,O
(1)
p,•(iǫp)) = ParHom(O
(1)
p,•(iǫp),O•) = 0
ParExt(O•,O
(1)
p,•(iǫp)) = ParExt(O
(1)
p,•(iǫp),O•) = 0
It is also true for any parabolic line bundle L• of multi-degree degL• = 0 instead of O•. Hence Ip,1(i) and
1vec1,0 commute. If i = 0, then
〈O•,O
(1)
p,•(0)〉par = deg(p) = 1, 〈O
(1)
p,•(0),O•〉par = 0, ParHom(O•,O
(1)
p,•(0) = kp
ParHom(O
(1)
p,•(0),O•) = ParExt(O•,O
(1)
p,•(0) = ParExt(O
(1)
p,•(0),O•) = 0
.
Thus
Ip,1(0)1O• = v
−21
L•⊕O
(1)
p,•(0)
, 1O•Ip,1(0) = v
−11
O•⊕O
(1)
p,•(0)
.
The same is true for any parabolic line bundle L• of multi-degree 0 and hence Ip,1(0)1
vec
1,0 = v
−11vec1,0Ip,1(0).
Similarly for i = 1, we have
Ip,1(1)1O• = v
(
1
O•⊕O
(1)
p,•(ǫp)
+ 1O•(ǫp)
)
, 1O•Ip,1(1) = 1O•⊕O(1)p,•(ǫp)
Therefore we have Ip,1(1)1
vec
1,0 = v1
vec
1,0Ip,1(1) + v1
vec
1,αp,1 . Then (A.1) holds for j = 1. We will proceed the
Lemma by induction on j. Let us assume (A.1) holds for all j′ with 0 < j′ < j. For i > j, we have i−j+1 > 1
and hence i > j − 1. By Lemma 2.3 and induction hypothesis, we deduce
Ip,j(i)1
vec
1,0 =
(
v−1Ip,j−1(i)Ip,1(i − j + 1)− Ip,1(i − j + 1)Ip,j−1(i)
)
1vec1,0
= 1vec1,0
(
v−1Ip,j−1(i)Ip,1(i− j + 1)− Ip,1(i− j + 1)Ip,j−1(i)
)
= 1vec1,0Ip,j(i).
Similarly, if i = 0,
Ip,j(0)1
vec
1,0 =
(
v−1Ip,j−1(0)Ip,1(1− j)− Ip,1(1− j)Ip,j−1(0)
)
1vec1,0
= v−11vec1,0
(
v−1Ip,j−1(0)Ip,1(1− j)− Ip,1(1− j)Ip,j−1(0)
)
= v−11vec1,0Ip,j(0).
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For i = j, on one hand we have
v−1Ip,j−1(i)Ip,1(i − j + 1)1
vec
1,0 = v
−1Ip,j−1(i)
(
v1vec1,0Ip,1(1) + v1
vec
1,αp,1
)
= 1vec1,0Ip,j−1(i)Ip,1(0) +
(
Ip,j−1(i− 1)1
vec
1,0
)
⊗ O•(ǫp)
= 1vec1,0Ip,j−1(i)Tp,1(0) + v1
vec
1,αp,1Ip,j−1(i) + v1
vec
1,αp,1+···+αp,i .
On the other hand,
Ip,1(i− j + 1)Ip,j−1(i)1
vec
1,0 = Ip,1(i − j + 1)1
vec
1,0Ip,j−1(i)
= v1vec1,0Ip,1(1)Ip,j−1(0) + v1
vec
1,αp,1Ip,j−1(i)
Thus
Ip,j(i)1
vec
1,0 = v
−1Ip,j−1(i)Ip,1(i− j + 1)1
vec
1,0 − Ip,1(i− j + 1)Ip,j−1(i)1
vec
1,0
= 1vec1,0
(
Ip,j−1(i)Ip,1(1)− vIp,1(1)Ip,j−1(i)
)
+ v1vec1,αp,1+···+αp,i
= v1vec1,0Tp,j(i) + v1
vec
1,αp,1+···+αp,i .
Now, if 0 < i = j − 1, then
v−1Ip,j−1(i)Ip,1(0)1
vec
1,0 = v
−2Ip,j−1(j − 1)1
vec
1,0Ip,1(0)
= v−11vec1,0Ip,j−1(j − 1) + v
−11vec1,αp,1+···+αp,j−1Ip,1(0).
On the other hand,
Ip,1(0)Ip,j−1(j − 1)1
vec
1,0 = vIp,1(0)1
vec
1,0Ip,j−1(j − 1) + vIp,1(0)1
vec
1,αp,1+···+αp,j−1
= 1vec1,0Ip,1(0)Ip,j−1(j − 1) + v1
vec
1,αp,1+···+αp,j−1Ip,1(0).
Thus
Ip,j(j − 1)1
vec
1,0 = 1
vec
1,0Ip,j(j − 1) + (v
−1 − v)1vec1,αp,1+···+αp,j−1Ip,1(0).
Finally, for 0 < i < j − 1 (hence j − i > 1), we have
v−1Ip,j−1(i)Ip,1(i− j + 1)1
vec
1,0 = v
−1Ip,j−1(i)1
vec
1,0Ip,1(i − j + 1)
= v−11vec1,0Ip,j−1(i)Ip,1(i− j + 1) + (v
−1 − v)v−11vec1,αp,1+···+αp,iIp,j−i−1(0)Ip,1(i− j + 1).
On the other hand,
Ip,1(i− j + 1)Ip,j−1(i)1
vec
1,0 = Ip,1(i− j + 1)1
vec
1,0Ip,j−1(i) + (v
−1 − v)Ip,1(i− j + 1)1
vec
1,αp,1+···+αp,iTp,j−1(0)
= 1vec1,0Ip,1(i− j + 1)Ip,j−1(i) + (v
−1 − v)1vec1,αp,1+···+αp,iIp,1(i − j + 1)Ip,j−1(0)
.
Thus,
Ip,j(i)1
vec
1,0 = 1
vec
1,0Ip,j(i) + (v
−1 − v)1vec1,αp,1+···+αp,iIp,j−i(0).

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